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1 Introduction

Standard inference in linear instrumental variable (IV) models depends critically on two properties
of the instruments: (i) their strength or relevance in explaining the variation in the endogenous
variables and (ii) their exogeneity that ensures correct specification of the model moment conditions.
Given that models should always be viewed only as approximations of a possibly unknowable data
generating process, it is often prudent to assess the degree of model misspecification by subjecting
the moment conditions to a test for correct specification by remaining agnostic about the strength
of the identification signal of the instruments. Unfortunately, standard specification tests in the
existing literature are not robust to uncertainty about the instrument strength and their limiting
behavior (under the null and the alternative) tends to break down when the instruments are weak
or irrelevant. For example, under failure of the rank condition for identification, the conventional
tests for the validity of the overidentifying restrictions in linear models have a non-standard limit
under the null and are inconsistent under the alternative hypothesis (Cragg and Donald, 1996;
Kitamura, 2006; Gospodinov, Kan and Robotti, 2017; among others). Since the access to strong
observable instruments that can point-identify the economic model is often constrained, detecting
model misspecification — such as invalidity of the instruments — in an identification-robust way
appears elusive. And yet, many interesting economic models of policy relevance are characterized
by the presence of weak (or outright irrelevant) but possibly endogenous instruments that lead to
the violation of the model moment conditions (see, for example, Murray, 2006; Bazzi and Clemens,
2013; among many others).

When the dimension of the instrument vector, k, is large relative to the sample size n, the tests
for overidentifying restrictions can be modified to reflect the expanding set of instruments. More
specifically, while the Sargan-Hansen J test for overidentifying restrictions has a chi-squared limit
when £ is fixed, its scaled and recentered version Sy, = (Jpx—k)/ V/2k has a standard normal limit
under the condition k = o(n!/?); see Donald, Imbens and Newey (2003). Similar adjustments can
render the Anderson-Rubin test asymptotically normal (Andrews and Stock, 2007) with moderately
many instruments. In Bekker’s (1994) many instrument framework, where the instruments grow at
rate that is proportional to the sample size, Anatolyev and Gospodinov (2011) construct corrected
versions of these tests that are robust to the numerosity of the instruments and are valid under both
the fixed and many instrument asymptotics. However, these results require that the IV estimator

is root-n consistent; a rate that may not be attainable when the degree of identification of the



model is compromised.! Thus, it seems desirable to have a consistent test, with a standard limiting
distribution under the null, that remains uniformly valid, irrespective of the identification strength
of the instruments.

It is instructive, at this point, to compare and contrast the tests for unconditional moment
restrictions, described above, to the tests for validity of conditional moment restrictions, devel-
oped by Bierens (1982), Bierens and Ploberger (1987), de Jong and Bierens (1994), Carrasco and
Florens (2000), Donald, Imbens and Newey (2003), Tripathi and Kitamura (2003), among others.
First, many economic models are defined by a set of conditional moment restrictions with a small
number of conditioning variables. The expanding number of instruments (or continuum of moment
conditions), k, is then constructed as a sequence of basis functions of the conditioning variables,
which is completely under the control of the researcher. This approach has a substantial practical
advantage because it does not require access to many economic variables that can serve as instru-
ments.? While in the latter case the choice and justification of the relationship between k and n
can be arbitrary, in the conditional moment restriction test, the expanding set of basis functions
k can be obtained in practice precisely as the limiting theory (under the null or the alternative)
requires. With this distinction in mind, the conditional specification test has also been shown to
converge asymptotically to the standard normal distribution, provided that £ — oo at some rate
and the estimator is root-n consistent; i.e., under the maintained assumption that the identification
or rank condition is satisfied.

In this paper, we build on these strands of literature and establish the uniform validity of the
test for instrument exogeneity in linear models which is completely agnostic to the degree of model
identification, without the need of any prior knowledge of whether the instruments are strong,
semi-strong, weak or completely irrelevant. The test statistic S, , based on k basis functions g(z;)
of some finite number of conditioning variables or potential instruments z;, is pivotal under the
null of instrument exogeneity Hy : Pr(E(g;|z;) = 0) = 1, where &; denotes the regression errors. As
a result, the test is straightforward to implement as it uses standard normal critical values with a
tuning parameter (k) that is fully under the control of the researcher.

To characterize the full range of possibilities for the identification signal, we cast it as a drifting

1Under some conditions and parameterizations (see Chao and Swanson, 2005; Han and Phillips, 2006; Mikusheva
and Sun, 2022), an expanding set of weak instruments may enhance the identification signal and render the estimator
consistent.

*While there are situations in which a large number of instruments can be constructed by interacting different
variables (Angrist and Krueger, 1991) or using lagged dependent variables in panel data models (Arellano and Bond,
1991), this is not always the case and invoking the many instrument asymptotics may be challenging.



parameter sequence of the sample size. More specifically, we parameterize the conditional mean
of the endogenous variables z; given z; as C(z;)/ nd for some arbitrary, but not necessarily linear,
measurable localizing function C'(z) and a scalar parameter ¢ € [0,4o00] that controls the degree
of identification. To obtain the asymptotic behavior of the specification test S,, we establish the
limiting properties of the generalized method of moments (GMM) estimator over the range of values
of 6 under both the null and alternative hypotheses. First, for any 6 > 1/2, which represents “weak
instrument” region and includes the case of completely irrelevant instruments (6 = +00), we show
that the GMM estimator has a probability limit but is inconsistent. Furthermore, for 0 < § < 1/2
— which covers the strong instrument (§ = 0) and semi strong/weak instrument case — consistent
estimation is possible but it hinges on the choice k. If k grows at a slower rate than n' 2%, then the

1-20 o1 faster, then the consistency is

GMM estimator is consistent. If k grows at the same rate as n
lost but the convergence to a probability limit is preserved. We then use these results to establish
the uniform validity, under the null, of the N(0,1) limit of S), j over 6 € [0, 4+00].

Under the alternative, H; : Pr (E(e;|z;) = 0) < 1, the limiting behavior of the GMM estimator
is characterized by the interaction between the invalidity of the instruments and their identification
strength. When the instruments are weak or completely irrelevant (6 > 1/2), the GMM estimator
diverges at rate y/n/k while the GMM estimator converges to its pseudo-true value when the
instruments are strong (6 = 0). These results, along with the limiting behavior of the optimal
weighting matrix, ensure that the S, j test statistic diverges to +oo under the alternative as the
sample size grows. Interestingly, while the source of power is standard for § € [0,1/2), in the case of
weak or completely irrelevant instruments (6 > 1/2) the power of the test is driven by the increasing
number of generated instruments, k.

It may be beneficial to further position these results in the literature on specification testing
with identification failure. Dovonon and Gospodinov (2024a) obtained conditions under which the
specification test S, ; retains its standard normal limit when first-order local identification fails
but global identification is still attainable. Doko Tchatoka and Dufour (2023) derive conditions
for consistency of exogeneity tests in weakly identified IV models. The consistency of the tests,
however, requires existence of at least some minimal signal in the instruments which is not satisfied
in the case of completely irrelevant instruments which is covered by our theory (see, also, Caner,

2014).3 Furthermore, in a setup where the conditional moment restrictions are estimated nonpara-

$When there is uncertainty about the strength of the identification signal, one could resort to identification-robust
inference (see, for example, Kleibergen, 2005). However, Guggenberger (2012) shows that these methods do not



metrically, Jun and Pinkse (2009) obtain asymptotically valid specification tests without assuming
identification. Their tests, however, are consistent only if identification is not too weak, which
rules out the possibility of completely irrelevant instruments. Finally, Antoine and Lavergne (2023)
also establish the uniform validity, irrespective of the identification strength, of a nonparametric
(integrated conditional moment) statistic that tests jointly the value of the coefficient and the spec-
ification of the model (see also Stock and Wright, 2000). The asymptotic distribution of this test
is non-pivotal and critical values are obtained by simulation. In contrast, our test is pivotal, easy
to construct and implement, with uniform validity that is obtained in a richer, parameter-drifting
setting. In closing, we should note that our arguments (under both the null and the alternative)
would continue to go through, with minor modifications, if z; itself is a high-dimensional vector
such as in Kolesar et al. (2015), Guo et al. (2018), and Frandsen, Lefgren and Leslie (2023).

The rest of the paper is organized as follows. Section 2 introduces the conditional moment
restriction setup and the main assumptions, the drifting parameterization of the identification signal
and the expanding basis functions of the conditioning variables. Section 3 derives the asymptotic
behavior of the estimator, weighting matrix and the tests statistic for instrument exogeneity under
the null hypothesis. Section 4 characterizes the rates of the estimator and the weighting matrix
under the alternative hypothesis and obtains the consistency of the specification test. Section 5
reports simulation results while Section 6 illustrates the practical benefits of the proposed test in an
empirical application of the effect of international trade on economic growth. Section 7 concludes.
The proofs of the main results are provided in Appendix A while some additional results are
relegated to an Online Appendix.

Throughout the paper, we use the following notation. Let Amax(M) and Apin (M) denote the

largest and smallest eigenvalues of the square matrix M, respectively. For a vector a, ||a|ls = Va'a

represents the Euclidean norm of a and for a matrix A, ||All2 = \/Amax(A’A). Also, N and R™
signify the set of natural numbers and the set of real m x 1 vectors, respectively. For two scalars a
and b, aVb = max(a, b). Furthermore, I, stands for the identity matrix of dimension p. Convergence
in distribution is denoted by i>, while the abbreviation a.s. stands for ‘almost surely.” Finally,

a, = op(1) denotes that the sequence a,, tends to zero in probability, a,, = Op(1) signifies that a,,

produce correct coverage when the exogeneity condition for the instruments is violated. Similar distortions arise
for misspecification-robust inference (see, for example, Hall and Inoue, 2003) in the presence of weak or irrelevant
instruments. A unified inference framework, that is fully robust to both model misspecification and potential lack of
identification, is currently not available (Andrews, Stock and Sun, 2019, p. 749). Thus, valid pre-tests — as the test for
instrument exogeneity developed in this paper — could still be quite informative about the source of misspecification
or lack of identification of the model, and may lead to more efficient estimation and inference.



is bounded in probability, and a, << b, means that a, /b, tends to 0 as n grows to oco.

2 Main setup
2.1 Model, notation and drifting parameterization

Consider the linear regression model
yi=mno+ i +ei, i=1,...,n (1)

All of the explanatory variables x; are allowed to be endogenous and inference about the model
parameters relies on instrumental variable (IV) methods with z; denoting a vector of instruments
available. We assume throughout the paper that the sample {(z;, z;,y;) € RP x R™ xR : i =
1,...,n} is a triangular array of independent and identically distributed random vectors with
common distribution P, that is allowed to change with the sample size n. We also maintain that
the regression error ¢; has zero mean under P,. Our methodology requires that a subset of z;
are continuous random variables although z; with a rich enough support will suffice. The overall
instrument set can still contain discrete instruments but the basis functions, defined below, can be
applied only to the subset of instruments that are continuous.

The relevance and exogeneity of the instruments play an essential role in obtaining standard
inference in this linear IV setup. This paper is concerned with testing the exogeneity of the
instruments irrespective of their strength. We assume that the informative part of the conditional
mean of z; given z; can be reparameterized as local-to-zero in a way that covers the spectrum of
all relevant identification features. More specifically, under P,, we set:4

C'(Zi)7 (2)

nd
where i, € RP is the population mean of x;, 6 € [0,+00] is a scalar parameter, and C(z) is an

E(.CEZ‘ZZ) = Uy +

arbitrary measurable function. This representation of the conditional expectation is quite flexible
and varying ¢ in the specified ranges captures all the identification traits encountered in the litera-
ture.” Note also that we let the function C(z) be unspecified instead of posing a linear relation as

it is commonly done in the literature (e.g., Staiger and Stock, 1997).

4The fact that the right-hand-side of (2) depends on n is the key motivation of representing the sample as a
triangular array. Expectations throughout the paper are taken under P, although we do not make this explicit for
notational convenience.

5As x; lies in R, we could extend this setting to account for the possibility that each component of the conditional
mean is possibly local-to-zero with a specific value for §. However, such a consideration may increase the notational
burden without adding more insight. Instead, in the theory developed below, we focus on the case where ¢ is the
same for all components and report simulation results on the more general configuration.



The setup when § = 0 corresponds to the case of strong instruments if Var(C(z)) is non-
singular. The case § # 0 corresponds to semi strong/weak instruments as studied by Antoine and
Renault (2009, 2012, 2020) and Dovonon, Doko Tchatoka and Aguessy (2023) for unconditional
moment models. In this case, the information content of the instruments vanishes as the sample
size grows, making the instruments progressively irrelevant. The case where the instruments are
completely irrelevant or uninformative about the parameter 6y corresponds to the case § = +oo.

We are interested in testing the null of exogeneity of the instruments :
H() : E(€i|zi) = O, a.s.

against the alternative:

Hy: Pr (E(EZ‘Zz) = 0) < 1.

We consider the specification test for conditional moment restrictions proposed by Dovonon
and Gospodinov (2024a) and investigate its properties under the null and the alternative when the
explanatory variables and instruments are consistent with (1) and (2). We obtain the conditions
under which this test delivers uniformly valid inference irrespective of the instruments strength;
i.e., for any value of 6 > 0 while leaving C(z) unspecified.

Under the null of exogeneity, ¢; is uncorrelated with any suitable measurable function of z;.
Let {g;() : R™ — R}; be a sequence of functions that forms a basis of the separable Hilbert space
L%(P,) := L*(R™; B(R™); P,) of square P,-integrable real-valued functions defined on R™, where
P, is the probability distribution of z; and B(R™) is the Borel o-algebra of R™. (We refer to
de Jong and Bierens (1994), Donald, Imbens and Newey (2003), and Dovonon and Gospodinov
(2024a), among others, for specific choices of g;.)

Let g (2) = (g1(2), g2(2), ..., gu(2)) for k =1,2,..., and Z; = g¥)(z;). We consider a test for

Hj based on the moment restriction.®

Cov(Zi,e;) = E ((ZZ — 1)y — py — (25 — ,ux)lﬂo]) =0, k=1,...,
with a feasible version given by:

E((Zi—Z)[yi—gj—(:z:i—fc)’Ho]):0, k=1,..., (3)

SExploiting covariance leads to a demeaned moment equality which presents the non-trivial advantage of getting
rid of the intercept 7. So long as the constant instrument is included, the intercept in IV regressions is always strongly
identified regardless of the strength of the remaining instruments. In case of (semi)-weak instruments, the intercept
is typically estimated at a faster rate than the slope parameters. Standard (non-demeaned) moment restrictions
would, therefore, make the theoretical analysis more complicated because of the induced heterogeneity of rates while
demeaned restrictions are immune to such issues.



where pio = E(a;), and & = )", a;/n.
Finally, letting W be a (k, k)-symmetric positive definite matrix and 0 be the generalized method
of moments (GMM) estimator of y, based on this sequence of feasible moments restrictions, 0 is

given by:
~ o ~ -1 o
0 = arg m@in (fizy — /]zmg)/ W (fizy — fiza0) = (ﬁlszﬁzm> (ﬂ;xwﬁzy) )

with fiag = n7 1> 0 (i — @)(8; — B), where (a;,3;) € R™ x R™ for i = 1,...,n, and for some
integers n1 and ns.

The test statistic is based on the GMM objective function using the weighting matrix V! given
by

n
V=n'>lyi—§— (xi—2)0%(2Z - 2)(Z - Z) (4)
i=1

where the weighting matrix W associated with 6 is possibly non-optimal. Typically, W is set to I
or V., =nt S (Zi — Z)(Z; — Z)' which yields the two-stage least squares estimator (2SLS). Let
0 be the two-step GMM (2SGMM) estimator based on W = V1,

0= (V) (Vi) )

Let V be defined as V but with 6 replacing 6, that is:

N A —

V=n'>lyi—§— (xi—2)0%(Z — 2)(Z - Z) (6)
=1

and let
AR .
Jn,k =n (,azy - /2219) V_l (,azy - ﬂzwa)
be a version of the Sargan-Hansen J test for overidentifying restrictions.” The test statistic for the
exogeneity condition is given by:

(7)

In developing the limiting theory, we adopt a setup with an expanding set of instruments k — oo,

as a function of n.

"Note that the standard Sargan-Hansen test statistic, J, x, is defined using V instead of V. For reasons that we
will explain later in Remark 1, the slightly modified version that we consider in this paper for the specification test
statistic is required to obtain asymptotic uniform validity of our specification test over the whole range ¢ € [0, +00].
We index the statistic J, x by k to signify that it is a function of an expanding set of k instruments, while we reserve
the notation J, for the conventional test for overidentifying restrictions with a fixed number of instruments.



2.2 Assumptions

This section collects the main assumptions that provide the basis for characterizing the limiting
behavior of the GMM estimator, the weighting matrix and the test statistic for instrument exo-
geneity. First, the representation of the conditional mean given by (2) is formally stated in the

following assumption, recalling that the expectations are under P,.

Assumption 1 There exists an RP-valued function C(z) and 6 € [0, +00] such that, letting ay, ==
E((Zi — p=)C (1)),

(a) E(zi]z) = pe +n7°C(2);  (b) |lag]l2 = O(1), Rank(ay) = p, and limkinf Amin (afag) > 0.

Part (a) captures the possibility of varying degrees of identification. Part (b) sets the magnitude
of ay := Cov(Z;,C(z;)). Although this is a (k,p)-matrix with k& growing, the order of magnitude
imposed on the norm of this matrix is realistic, especially in the light of the case of linear IV models.

Indeed, when C(z;) = II'(Z; — u,) and 6 = 0 as in standard linear IV models, we have
vi = po + W (Zi — ) + i,
with IT € R¥*P and E(v;|z;) = 0. Hence,
ay, := B[(Z; — p2)C(2:)'] = E((Zi — p) (% — p1z)'] = V211,
with V, := E[(Z; — u.)(Z; — p1.)']. Besides,
Ve = E[(x; — po)(x; — pg)'] = WV + Var(v;).

Thus, Vo — Amin(V2)IT'II is positive semidefinite. Under the condition that V. has its smallest

eigenvalue bounded away from 0, we can claim that ||II||2 < co. Therefore,
lakllz = || E[(Zi = p2)C ()], = IVaI0]l2 < [[Vllz - [Tz = O(1)

using that ||V|2 = O(1) which is implied by Assumption 2 below. O

The requirement that Rank(ay) = p, for k large enough, ensures first-order local identification
of the model when ¢ € [0,1/2). This condition is not restrictive either. A sufficient condition for it
to hold is that Var (E(z;|z;)) is positive definite. For § = 0, we establish the connection as follows.

By the definition of the components of Z; as basis functions of L?(P,), for k large enough, we write

E(x; — pglzi) ~ AZ;



where A is a matrix of suitable size. Thus,
Var (E(zi|z)) = E [E(zi — po|z)E(x; — pal)'] = E [MZ; — p2)C(2)'] = Aag,

where we use part (a) of the assumption, the fact that E(C(z;)) = 0 and the definition of aj.®
Then, it follows that:
p = Rank[Var (E(z;|z))] < Rank(ag) < p.

Similar to the result of Antoine and Renault (2012) for k fixed, we show that with a growing k,
the model parameter is consistently estimable. The condition on the rank is useful to establish that
the GMM estimator is consistent and to derive its rate of convergence. While the rank requirement
implies that the singular values of a; are non-zeros for k£ large enough, the last condition in part
(b) rules out the possibility that a; does have a subsequence with smallest (or more precisely, pth
largest) singular values that converge to 0. This is a technical condition that is useful to evaluate
the magnitude of quantities involving the inverse of a}Way, in their expression.

Next, let Zi = Vz_l/ 2(Zi — ). Note that the dimensions of this matrix are allowed to grow

(k — o0) which necessitates additional conditions that rule out ill-conditioned matrices.

Assumption 2 Assume that (a) x;, €;, and Z; have up to finite eighth moments, (b) there exist
0<A<Z A < oo such that AL )\min(vz) < )\max(vvz) < 5\; (C) Amax (E(w?(Zz - #z)(Zz - Hz),)) < 5\’
for w; € {es,xpi:h=1,...,p}, and (d) k' S5, E(ZZSJ) <A < 0.

This assumption proves useful in deriving and controlling the magnitude of the quadratic mean
of quantities such as fi’, W ji., and [L/ZIW[LZ?J that form the GMM estimator. Note also that the
moment condition on Z; in part (a) holds trivially for choices of basis functions {g;(z) : Il =1,...}
that are uniformly bounded. In this case, only the existence of fourth moments for x; and ¢; are
required. The boundedness of the eigenvalues of V, rules out the possibilities of ill-conditioning.
This is a common assumption in the literature. (See, e.g., Cattaneo, Jansson and Newey, 2018; Han
and Phillips, 2006; and Dovonon and Gospodinov, 2024a.) Part (c) is not particularly restrictive
and would follow from a subset of the other mild assumptions if ¢ and x were independent of z.
Primitive conditions for the eigenvalues of V, and quantities such as E(w?(Z; — p,)(Z; — p2)") to

be bounded away from 0 and from above are given by Proposition S.3 of Dovonon and Gospodinov

(2024b). This proposition is followed by simulations confirming, in more realistic configurations,

8Noting that ay, := E[(Z; — 1-)C(2:)'] = E[(Zi — p)(x; — pz)’] and using the law of iterated expectations, we
have ar, ~ V. A’, so that Var (E(z;]z;)) ~ AV.A'.



that part (c) is not too restrictive. Similar conditions on eigenvalues will subsequently be required
in Assumptions 4 and 5. Parts (b) and (d) of Assumption 2 are useful to claim that, for any
1<v <4,

E ((Zi — 1) (Zi = p2) /1K) = O(1), (8)

n(Z — p,) is, component-wise, asymptotically normally distributed and
1
IVA(Z = 1)l = Op(VE). (9)

This last claim follows by observing that E(||\/n(Z — u.)||3) = O(k). We rely on the properties (8)
and (9) routinely in the proofs of the subsequent results.

Finally, we make the following assumption on the sequence of weighting matrices W .

Assumption 3 Assume that there exists W a nonrandom (k, k)-matriz symmetric positive definite

such that |[W — W o = op(k™/2) and Amax(W) < X (with X as in Assumption 2.)

This assumption is trivially satisfied if the sequence of weighting matrix is set to I. Also,
Proposition A.2 of Dovonon and Gospodinov (2023) establishes that the standard weighting matrix
for IV estimation - given by the inverse of sample variance of the instruments - satisfies this

assumption under mild conditions.

2.3 Robust choice of &

In this section, we study — under the null — the asymptotic stochastic order of magnitude of the
GMM estimator 6 for different values of § € [0,4+00], and k = o(n) but growing with the sample
size. This analysis allows us to propose a robust choice of k£ that guarantees the most favorable
behavior of the GMM estimator in terms of consistency and rate of convergence regardless of the
degree of identification; i.e., for any value of § € [0,+oc]. Let Cyi be the p-vector and Vi the

(p, p)-matrix defined respectively by:
Cip =k "E(qi-&(zi —pe)) and Vi =k E(qu (2 — po) (i — pa2)')
with qu; == (Zi — p2)'W(Zi — ).

Theorem 2.1 Under Hy, if Assumptions 1, 2 and 8 hold and k — oo with k = o(n), we have the

following:
(a) If 6>1/2, then 0 =6, _|_V1*k1(clk +Op(k~1/2).

10



(b) If 0<0<1/2, then:

(b1) If k<n'?9 or k~n?79 0=0y+O0p(n-1/2+9).

(b2) If 020 <k <nt P, 0 =00+ k(afWar) 'Cri+Op (k2021 v K2n49-2)
(b3) If k~n'"2 =00+ (Vip + atWag) 'Cyj, + Op(n~1/2+9).

(b4)

If k>n=% =0+ V,'Cy+Op (ﬁ Y ”1;25> .

The proof of Theorem 2.1 is provided in the Online Appendix. Part (a) of this theorem is an
extension of the result of Dovonon and Gospodinov (2023) who study the case § = 4+00. They
found that the GMM estimator has a probability limit but is inconsistent. Part (a) shows that
this actually holds for any § > 1/2. Fixed number of instruments k& would lead, as well known in
the literature on weak instruments, to GMM estimators without probability limit (see, e.g., Staiger
and Stock, 1997; Andrews and Cheng, 2012; among others).

Part (b) of this theorem is new and quite interesting. For 0 < ¢ < 1/2, it appears that consistent

estimation is possible. However, this hinges on the choice k. If k grows at a slower rate than n'=2°,

1=20 o1 faster, then,

then the GMM estimator is consistent. If k grows at the same rate as n
consistency is lost but convergence to a probability limit is warranted. A further consideration
of the cases of convergence - (bl) and (b2) - shows that the sharpest rate of convergence of the
estimator is n~1/21% which is obtained by the choices of k ~ n'/279 or k <« n!/279,

The perverse effect of large k may be connected to the results of Newey and Smith (2004) who
show that increased number of moment restrictions translates into bias for the GMM estimator. In
our configuration, having k increasing too fast leads to a pervasive bias.

As the practitioner may be agnostic about the value of § which may range from 0 to +00, a good
point to address concerns how can we choose k so that consistent estimation is guaranteed regardless
of the value of § € [0,1/2[ without altering the convergence of the estimator when § > 1/2.9 The
standard approach consists in choosing k ~ n® for some a > 0. Nevertheless, for a given «, it is
always possible to find a range for § < 1/2 such that k ~ n® > n1/2-9. especially for values of &

close to 1/2. Because of this, the quest for robustness points to choices of sequences k that have a

slower rate of explosion than power functions. This motivates our consideration of

k ~ a(logn)®, a,b>0.

“Note that the convergence of the estimator is important for the specification test to be valid for § > 1/2.
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Such choices of k fit with the conditions in (bl) and therefore, guarantees not only consistent
estimation but also the sharpest rate of convergence when 0 < § < 1/2 while preserving convergence
when 6 > 1/2.

It is worth mentioning that the rate n=/2+% derived for the GMM estimator corresponds to the
optimal rate derived by Hahn and Kuersteiner (2002) and Antoine and Renault (2009, 2012) for
the GMM when the unconditional moment restrictions are local to 0 with 0 < § < 1/2. Theorem
2.1(b1) extends this result to increasing number of moment restrictions obtained from conditional
moment restriction models.

In the subsequent development, we will consider k& ~ a(logn)®, a,b > 0 instead of k = o(nl/ 3)
as in Dovonon and Gospodinov (2023) and Donald, Imbens and Newey (2003). This choice of
smaller values for k may affect negatively the power of the specification test that we propose in this
paper but this may be the price to pay for this test to be uniformly valid over the range of values

d € [0, +o0].

3 Asymptotic behavior under the null

Before deriving the asymptotic distribution of the specification test statistic, we need to shed some
light on the limiting behavior of the optimal weighting matrix V and the two-step GMM estimator
— as given by (4) and (5), respectively — and this for all values of § € [0, 4+00]. Let v; := z; — E(x42;)

and

ri =& — V) (E(qui-vv))) (E(qu - & - vi)

be the scaled remainder of the linear regression of \/qi; - €; on /q1; - v;. (The actual remainder is
V/q1i - m1i-) We use the index ‘1’ to stress the dependence of the residual on the weighting matrix
W through q1;. Let

E(2(Z; —pu)(Z; —p)') if 0<6<1/2,

i
Vis =
E(r?(Zi — p:)(Zi — p2)') it 6 >1/2.
The next result derives the probability limits of V and V! and that of the two-step GMM estimator.

In addition to Assumptions 1, 2 and 3, we make the following assumption.

Assumption 4 With Z; = g% (2) and A and X\ defined as in Assumption 2, we have:
k _
(a) k=2 Z Var(Ui(Zz’l - Nzl)(Zim - sz)) <A <00, and Amax (E[Uz(Zz - Mz)(Zz - Mz)l]) <A,

I,m=1
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with U; € {1, |&s|, €2, |win—pians [vinl, [C(2i)nls (@in—pan)-(@in —pian ), vi, C(2:) : hyh' =1,...,p},
(b)  E(rivilz;) =0, () A< Amin(Vig).

This assumption is not overly restrictive. Part (a) ensures that no component of U;(Z; — ) (Z; —
)" has variance that dominates the others. This assumption is useful to establish that the sample
mean of this quantity converges to its population mean at a suitable rate. (See Lemma OA.1.)
The boundedness of eigenvalues in (a) and (c) is standard in the literature. Part (b) is equivalent
to E(qu; - 714 - vilz;) = 0. By definition of ry;, E(qi; - r1; - v;) = 0. Assumption 4(b) imposes that
this zero expectation holds conditionally to z;. Note that this assumption holds if ; and v; are
independent of z; or, alternatively if E(e; - vi|z;) = E(g;-v;) and E(v; - v}|z;) = E(v;-v}). The latter
set of conditions are those used in Dovonon and Gospodinov (2023).

In our proofs, Assumption 4(b) is useful only for the case § > 1/2 and under the null hypothesis.

It is also worth mentioning that for § > 0 and under the condition of the model,

Cix =k 'E(qui-&i-vi)) +O(n™%), Vi =k 'B(q-vi-v})) +O(n~°), and

VirCu = (BE(qui-vi-v})) " Elqui - i - vi) + O(n™°).

We then have the following result.

Theorem 3.1 Suppose Assumptions 1, 2, 3, and 4 hold and k — oo with k ~ a(logn)®, for some
a,b > 0. Then, under Hy, we have:

(a) If 0<6<1/2,
I 5>1/2

Wi

) p(n~ Y20 and V1 — Vfl = Op(n~1/2+9).
Vis =

V—
V- p(k™) and V71— Vi = Op(k™1).

O
0

(b) If 0<6<1/2, 0 = 0o + Op(n=1/2+9),
I 6=1/2, 0 = 0y + V3! Coi + Op(k™Y/2),

with Cox, and Vo, defined as Cyp and Vi but with q1; replaced by qo; := (Z; — uz)’Vf;(Zi — pz)-

Theorem 3.1 highlights some interesting features of the estimation procedure especially when
it comes to the probability limit of the sample variance of the estimating function evaluated at an
estimator. In relation to Theorem 2.1, the two-step GMM estimator turns out to be a particular
case of the estimator 6 associated with some weighting matrix W. In particular, note that all the
conditions of Theorem 2.1 are fulfilled for 6 once it is established that V! — Vlj(;l =op(k~1/?) as

is done in part (a). Hence, as expected, while 6 is consistent when 0 < § < 1 /2, it is not consistent
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in general when § > 1/2. Instead, it converges to a probability limit 6y + V;kl(CQk- at the same rate
k~1/2 as in the general case in Theorem 2.1. Note however that the probability limit is different as
it depends on the limit of the sequence of the weighting matrices. It is useful to mention that this
dependence on the probability limit of the sequence of weighting matrices vanishes if we make the
stronger assumption of Dovonon and Gospodinov (2023) which amounts to E(g;v;|z;) = E(g;v;)

and E(v;v}|z) = E(v;v}).

Remark 1 This dependence on the weighting matrix of the probability limit ofé in the case § > 1/2
justifies the slight change to the definition of the J, i (therefore, to the test statistic Sy ) that
we mentioned above. Theorem 3.1 shows that V converges to E(r3(Z; — p2)(Z;i — p.)') which
depends on W (the weighting matriz of the first-step GMM estimation). Besides, as we show in
the proof of Theorem 3.2 below, the leading term of v/n(fizy — fiz20) is n=1/2 Yo r2i(Zi — ) (see
definition of ro; below) and it is important to use a sequence of weighting matrices that converges to
E(r2,(Zi—p:)(Zi—uz)') ! to have asymptotic normality of the test statistic Sy i, therefore, uniform
validity of the test. While we could not obtain this property using V, the asymptotic normality is
obtained for 6 > 1/2 using V=1 as weighting matriz. This is due to the fact that the latter is

obtained using residuals that are evaluated at the right estimator 0.

We next turn to the derivation of the asymptotic distribution of the specification test statistic
Sh.k- Define 7o; as r1; but with the weighting matrix W replaced by Vf(;l, and V55 as Vi 5 but with
r1; replaced by rg;, that is:

roi = € — vi (B(qai - vv)) "~ (B(qai - €i-vi)),  with qo = (Z; — ) Vi (Zi — ),

and
E(2(Z; — pu)(Z; —p)') if 0<6<1/2,

i
Vaos =
E(r3(Zi — p:)(Zi — p)') if 6 >1/2.
Theorem 3.2 Suppose Assumptions 1, 2, 3, and 4 hold with Assumption 4(b,c) holding for ro;
and Va5 as well, and k — oo with k ~ a(log n)®, for some a,b > 0. Then, under Hy, for any value

of 0 € [0, +0o0], we have:
Sk — N(0,1).

This result establishes the asymptotic uniformity of the specification testing procedure using
Sn.k over values of § € [0,400]. This main result shows that irrespective of the strength of the

instruments, the proposed specification test statistic is asymptotically standard normal.
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4 Asymptotic behavior under the alternative
In this section, we assume that the exogeneity of the instruments is compromised, that is:
Hy: Pr(E(gi(n,0)|z) =0) <1, forany (n,60) € R  with (n,0) :=y; —n— 0.

Under Hy, Lemma 4.4 of Dovonon and Gospodinov (2024a) (see also Lemma 1 of de Jong and
Bierens (1994)) ensures that, for a suitable choice of basis functions (¢ (2))ren and any compact

subset C of RPHL

Jko € Nand §p > 0: inf ||E(g™ (z)ei(n,0))
(n,0)eC

’2 > 0.
With this insight, we can claim that under the alternative, for k large enough,
ez = E(g™ (2:)ei(m0, 00)) := E(Zig;) # 0.

For the same reasons as those that led us to impose that ||ag||2 := || E(Z; — p2) (2 — p12)'[]2 = O(1),
we shall impose that ||c,||2 = O(1). Indeed, if E(g;|z;) were a linear function of Z; — pu,, we would
have:

gi = (Zi — p.)'d+w;, with E(w;|z) =0, fork large enough.

Then, since Var(g;) = d'V.d + Var(w;) and Apin(V2) bounded away from 0, we necessarily have
|ld||]2 = O(1). Hence, by the fact that ||V.]2 = O(1), we have ¢, := E((Z; — p)ei) = Vod = O(1).
Thus, we maintain under the alternative that ¢, # 0 and ||c,|2 = O(1). This approach amounts to
setting k1 ~ ||cz||2 in Dovonon and Gospodinov (2023, Section 4) to be bounded instead of allowing
it to grow with the sample size. Nevertheless, we reach the same conclusion as them in the case
0 = oo which is of interest in their study.

We next explore the limit behavior of S, ; under the alternative and show that it yields a
consistent test. This will require that we first investigate the behavior under the alternative of the
GMM estimator and the optimal weighting matrix. The limiting behavior of the first-step GMM
estimator for different degrees of identification (different values of 9) is presented in Proposition

OA.2 in the Online Appendix. When ¢ = 0,
0=60y+ (a%Wak)_la;chZ + Op (k‘_l/2)

so that 0 converges to its pseudo-true value with an asymptotic bias by o = (a;Wak)*la;Wcz.m

10The pseudo-true value reduces to the true value 6y if and only if ¢. = 0; that is the model is correctly specified.
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For 6 > 0, the GMM estimator diverges (at rate \/n/k for 6 > 1/2 and n% for 0 < 6§ < 1/2) to
infinity which is in line with Dovonon and Gospodinov (2023) who focus on the case § = oco.
The weighting matrix associated to 0 is given by (4). To establish its order of magnitude we

introduce the following notation and assumption. For any u € RP, define

Vs(u) = B ([ (2; — pa)* - (Zi — p2)(Zi = p2)')

and let
Vao = E (lei = b (@i — pa))*(Zi — p2)(Zi — 1)) - (10)

For 6 = 0, the term ¢; — b;€,0 (x; — pg) in V3o is the leading term of the prediction error of y; using
the inconsistent estimator 6. In what follows, V3(u) will determine the leading part of V with u set
to the estimation error € in the cases where § > 0 while V3 o will be established to be the probability

limit of V in the case where § = 0.

Assumption 5 (a) inf{ueRp:HuH2:1} )\min(‘/é(u)) >A>0. (b) )\min(W) > A and )\min(VB,O) > A
(¢) There exists h € {1,...,p}: Amin (Var (zin — pan)(Zi — p2))) > A (d) liminfy, [|a},Wes|2 > 0.

Parts (a), (b) and (c) of Assumption 5 are standard and are similar to Assumptions 2(b) and
4(c). Part (d) imposes that W1/2a;, and W'/2¢c, are not orthogonal for all k large enough. If we
set W = I, this condition amounts to the requirement that the smallest absolute inner product
of the columns of a; by c, is bounded away from 0 as k grows, except maybe for finitely many k.
This condition ensures that the leading term of the expansion of 6— 0y, as it appears in Proposition
OA.2(a), does not vanish. This is useful to make a claim about the order of magnitude of ||§—6o||; .

Proposition OA.3 in the Online Appendix characterizes the properties of the optimal weighting
matrix for various values of § under Hy. For § > 0, V diverges so that V1 shrinks to 0 as the
sample size grows. But, when § = 0, V and V! converge to V3,0 and V:,;Ol, respectively. This
peculiar behavior of V requires that we study separately the 23GMM estimator. In particular,

Assumption 2(c) on the sequence of weighting matrices, under which Proposition OA.2 is derived,

is not fulfilled by V.

For these reasons, we establish below the behavior of the 2SGMM estimator 6 and the estimated
optimal weighting matrix V which uses the 25GMM residuals é = y; —j — (; — E)’é (See Equation
(6).) In order to do this, we need to impose extra regularity conditions through the following

assumption. Define D := n~1/2 Yo (Zi — pe)v), with v; = x; — E(x]2).
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Assumption 6 Let S; :={u € R : ||ullos = 1}. Assume that

(a) lim infy Ha“@;olczﬂg >0, liminfinfy,cgy |atVa(u)~te |2 > 0,
liminfy, infy,cs,) |D'Va(w)~te, + a)Va(u)~te,||2 is positive with probability one, and

lim infy inf e,y D' Va(u) e, ||o is positive with probability one.
(b) suppues,y | D'Va(u) " ezlla = Op(1).

This assumption is an extension of Assumption 5. This is mainly needed to deal - under Hy -
with the expansion of V which is the optimal weighting matrix evaluated at the 2SGMM estimator
6. Given the leading term of 6 — 6y — under H, — for different value of 4, the need to control the
magnitude of ||§ — foll5 * requires that some terms do not vanish, just as established by Proposition
OA.3 for V. Part (a) of Assumption 6 essentially makes an explicit connection to these leading
terms. Specifically, Assumption 6(a) helps to deal with the cases 6 = 0,0 <6 < 1/2,6 =1/2 and
0 > 1/2, respectively. Note that all these restrictions are mild, whereas doing away with them may
leads to a more complicated exposition. The purpose of Part (b) of this assumption is to control
the magnitude of the leading term of the expansion of 0 — 0y in the case § > 1 /2. Note that this
assumption also is very mild. Indeed, for each value u in the compact set Sy, D'Vs(u)~tc, = Op(1).

To see this, we observe that: E (D'Vs(u)~'c.) =0 and
E (c.V3(u)~'DD'V3(u)~"e.) = V3 (u) E[(Zi—pa)vivi( Zi—pz) V3 (u) ~les < XoVs(u) ez = O(1),

where we use Assumptions 4(a) and 5(a). This shows that || D'V3(u)'c.||2 = Op(1) for all u € Sj.
Part (b) imposes that the supremum of this quantity over S; is Op(1) which would follow trivially

under asymptotic equicontinuity of the function u — || D'Va(u) e, ||2.

Let V31 be defined as V3o but with by o replaced by by = (az%folak)*la;%jolcz, where V3 is

given by (10). We then have the following result.

Theorem 4.1 Suppose Assumptions 1, 2, 3, 4(a), 5, and 6 hold, and k ~ a(logn)®, for some

a,b > 0. Then, under Hy, we have:
(a) For 0<d<1/2,

6 — 6y =n® (aVa(i) ax) " a}Va(@) 'e. + Op (n%*l/%/% Vv 1) ,
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V =V3(8) +O0p(n®), and V7 '=13(&)"' +0p(n=>),
where é =0 — 0y, @:=¢/||éla, é=0—0, and 0 is the first-step GMM estimator.

(b) For §=0,
~ -1
0 — 0y = (a;vgjolak) afVige. + Op(1/VE)

V=Vs1+0p(1/VEk), and V'=Vi]'+0p(1/Vk).

(¢) For §>1/2,

_Vn 12 A 1127
9—00_7(13 D'Va(a) "tk D)
x (D’vg,(a)*lcz + n*“l/?a;gvg(a)*lcz) +O0p (\/ﬁ/k3/2> ,

V =15(é) + Op (Vn/k), and V=6 4+ Op <k3/n3/2> ’

where €, U and é are defined as in (a).

Comparing the results in Theorem 4.1 with those in Propositions OA.2 and OA.3 (and the
discussion above) reveals some similarities between the first-step and two-step GMM estimators.
Both estimators have the same rate of convergence for various values of §. While the weighting
matrix converges to 0 for the 2SGMM, its scale does not seem to matter too much for the (rate)
behavior of the estimator since there is a cancellation of its magnitude in the derivation process.
The main difference between the first-step GMM and the 2SGMM estimators occurs for 0 < § < 1/2
where the leading term of the estimation error appears to be random in the latter case and non-
random for the first-step GMM.

We are now ready to explore the behavior of our test statistic under the alternative Hi. Define
Y=W@), if 0<d<1/2 and X:=V3y, if §=0,

and let
Py =2 Pay(@} 2 ar) e BTV, and Ay = XV, - PR e,

Pj is the matrix of the orthogonal projection on the column span of ©71/2q; while A is the

1/202 on the orthogonal of E_I/Qak.

squared-norm of the (orthogonal) projection of ¥~
As shown in Theorem 4.2 below, Ay is a leading term that determines the consistency of the
proposed test in the case 0 < § < 1/2 and it is essential that it does not vanish as k grows. Note

that, through 3, Ay depends on v € RP (with u = by or u = €/||€]|). In the Online Appendix
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(Section OA.3), Lemma OA.4 demonstrates that for u being constant in k, Ay is a non-decreasing
function of £ while Lemma OA.5 exploits the fact that by and €/||é]| lie in a (fixed) compact set,
respectively, to show that Ay is uniformly bounded away from 0. This ensures the consistency of

the test so long as there exists ko such that c, does not belong to the column span of ag,.

Theorem 4.2 Suppose Assumptions 1, 2, 3, 4(a), 5, and 6 hold, and k ~ a(logn)®, for some

a,b> 0. Then, under Hy, we have:
(a) For 0<d < 1/2: There exists a constant C > 0 such that,

Jn k > nl_% -C- Ak + Op(nl/Q_é\/% V n1—35)7 w.p.a.].

(b) For §=0: There exists a constant C' > 0 such that,
Jnk >n-C-A,+O0p(n/Vk), wp.a.l.

In both cases (a) and (b): As k grows, if ¢, does not lie in the column span of a, then A >0

and, for a constant C' > 0, we have:

Tk 1-26 1-26
Snk = n.k > -C-Ap+op (n > ,  w.p.a.l

V2k T vk vk

and both Jy, . and S, 1 diverge to +00, in probability as n — oo.

(¢c) For 6> 1/2: There exists a random sequence m, > 0 such that lim o sup,, P(m, <€) =0

and, with probability approaching 1,
Jnk =K w24 0p(E2/vn),  Spix =272 K32y - lea|3 + Op (K2 /y/n)
so that both Jp 1 and Sy i diverge to +o00, in probability as n — oo.

Theorem 4.2 establishes that the test statistic diverges to +oo under the alternative as the
sample size grows. Several remarks on these results are warranted. First, although the test statistic
is standard normal under the null, it diverges only to 400 under the alternative implying that power
would be maximum if a one-sided version of the test is implemented. This makes sense if we recall
that the test is essentially a chi-squared test that is normalized to account for increasing degrees-
of-freedom. As such, we should reject the null only when the test statistic is large positive. The
testing rule shall then consist in rejecting the null if S), ;, is larger than ¢, the (1 — a)-quantile

of the standard normal distribution, a € (0,1).
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Second, for the case 6 > 1/2 where the instruments are weak or completely irrelevant, the
power of the test is driven by the increasing number of generated instruments, k. If k& were fixed,
the statement in Part (c) of the theorem would not be sufficient to claim consistency of the test.
More specifically, in the presence of weak/irrelevant instruments, 2SGMM diverges but at a rate
that is moderated by k. Thus, the inverse of the optimal variance does not converge to 0 as fast
as the signal part of .J, j diverges under H;. This favorable trade-off is the source of power of the
test. This extends the results of Dovonon and Gospodinov (2023), who focus on § = +00, to the
range 0 € [1/2,+o0]. Further clarification of this surprising power properties of the test is given
in Section OA.4 in the Online Appendix where a model with a single regressor and a completely
irrelevant instrument is considered. More specifically, we study the limiting behavior of the statistic
Ine = n(flzy — éﬂzx)’f/_l(ﬂzy — é/jzx) and observe, in this case, that 6 — 6y = é ~ %hn, with
h, = Op(1).1' Thus, 6 diverges but at a rate that is dampened by the growing k which is key to

the consistency of our test. After substituting and rearranging terms, this implies that

\/ﬁ(/jzy - éﬁzw) ~ \/ﬁcz-

Furthermore, the leading term of V is a function of &2

A~

V ~ é2E(2?2; 7)),

and, as a result,

Jng ~ k- h 2 L E(xZ: 7)) e,

This shows that, due to the expanding k, J,  grows to infinity under the alternative at a rate at
least k% and Sp.i consequently grows at the rate k3/2. This explains the test’s consistency in the
case § = 400.

When ¢ € [0,1/2), the source of power is more standard as it stems from the increase of the
sample size, regardless of k. The only associated restriction is that ¢, shall not lie in the column
span of ag, that is the column span of Cov(Z;,z;), infinitely often (as k — oc0). An analogous
restriction is standard in the GMM literature for k fixed and is often maintained to establish the
evidence of power for the Sargan-Hansen specification test.

Third, although the results in Theorem 4.2 consider a fixed alternative by imposing that c, is a
non-vanishing O(1) sequence, similar arguments can be used to elicit evidence of power under local

alternatives. For instance, one may consider ¢, to be local to 0 by stating that h,(z;) = E(gi|2)

"'The notation ‘a,, ~ by’ means that the leading term in the expansion of a, is by.
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or ¢, := E((Z; — p»)e;) tend to 0 at a certain rate. Then, ||c.||2 may then be taken as proportional
to k7, with 0 << 1/2if0<d < 1/4 and 0 < o < 3/4 in the case 6 < 1/2. Even though these
statements could be refined, studying power under local alternatives is beyond the scope of this

paper is left for future research.

5 Simulation results

In this section, we undertake a Monte Carlo simulation experiment that assesses the empirical size
and power properties of the specification test S, , over a wide range of values that determine the
identification strength of the instruments. We consider two simulation designs both of which have
three potential instruments generated as z; = (214, 221, 23;)’ ~ NID(0, I3). The first setup contains

only one endogenous variable x;. The {y;, x;} sample is simulated as
yi = bozi+apz1i + &,

v, = w(8)z + v,

03 1
6y = 1. The vector 7(8) takes the form m(8) = (1/n°,1/n%,1/n%)" and imposes the same loadings

e . . . . 1 0.3
where (g;,v;)" is bivariate normal with mean zero and covariance matrix = ( and

and identification strength on the instrument vector for various values of § > 0. In all experiments,
the estimated model includes a constant term and, as a result, we add a vector of ones to the vector
of instruments.

We present results for the S, test and the conventional test for overidentifying restrictions
Jp. The moment condition in our test S, takes the form FE [g(k)(zi) (yi—§—0(z; — )] =0
with ¢®) = (g1,...,g%) with and k = [log(n)], where [a] denotes the least integer greater
than or equal to a. In the case m := size(z) = 1, the basis functions are constructed as g, =
cos(t;¥(z;)) + sin(t;¥(z;)), where U(z;) = 2arctan(z;).!? For the case m > 1, ¥(-) and g;(-) are
applied component-wise to z leading to k = m - [log(n)] moment restrictions. We report results
for the one-sided test S, 1 at nominal level «, 7> ¢1—a, Where q1_o denotes the (1 — ) For the
standard J,, test, we use the demeaned values of the instrument vector (214, 29;, 23;)’. With this
instrument vector, the .J,, test statistic is compared to the x?(2) critical values. The sample size is

n = 500 and the number of Monte Carlo replications is 100,000.

12Tn our implementation of the test, we do not include the original instruments z; along with the set of basis
functions. Overall, our numerical experiments suggest that this choice (provided that z; are transformed to be on a
similar scale as g*(z;)) makes very little difference to the results.
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For better visualization and more compact reporting of the results, we plot the empirical size and
power curves on a grid of values that represent the identification strength of the instruments and
the deviations from the null hypothesis, respectively. For the size computations (at 5%, 10%, 20%,
80%, 90% and 95% nominal levels), we set ap = 0 and 6 = (100,5,2,1,0.7,0.5,0.4,0.3,0.2,0.1,0)
in 7(J) defined above. For the power computations (at 5% nominal level), we construct the grid
ap = (0,0.005,0.01,...,0.4) and plot the empirical power curves for four different degrees of the
identification signal: ‘irrelevant’ (§ = 100), ‘very weak’ (6 = 1), ‘weak’ (6 = 0.5), ‘semi-strong’
(0 =0.2), and ‘strong’ (§ = 0).

Figure 1 presents the empirical rejection rates of the S, ;, (left plot) and .J,, (right plot) tests over
a range of values for the drifting sequence that span the cases of irrelevant, weak, semi-strong and
strong instruments. The rejection rates of the S, ;. are very close to the nominal levels uniformly
over the different degrees of identification strength. The .J,, test does not have a x? limit in the part
of the region that is associated with irrelevant and weak instruments. While the under-rejections
of the J, test near the origin appear small, the J, test is inconsistent when the identification of
the model is compromised, as illustrated in Figure 2.

Figure 2 plots the empirical power curves for the S, ; (left) and J, (right) tests at the 5%
nominal level for 5 different identification signals, parameterized by §. Again, consistent with the
evidence in Figure 1, the S, test is well-sized at the origin (g = 0) for all values of § while the
Jn test under-rejects when the identification is weak. In the weak identification cases, Figure 2
shows that the power of the J, test plateaus at a value less than 1 and, hence, is inconsistent. By
contrast, the S, 1 test is consistent across all cases although the cases with a weaker identification
signal may require larger samples (see the Online Appendix for the power curves of S, and J,
tests with n = 5,000). Of course, the uniformity and the robustness of the S, j, test comes at the
cost of moderate power losses when the identification is strong. This is visible in Figures 1 and 2
where the power curve for the J, test with strong instruments in Figure 2 is steeper and shifted to
the left relative to the corresponding power curve of the S, ;. test in Figure 1. This arises from the
fact that the .S, 5, test is using more instruments than necessary, which in turn affects the power of
the test.

The seemingly higher power (for moderate deviations from the null in Figure 1) of the S, j
test with irrelevant instruments relative to the case of strong instruments may also warrant some
explanation. As discussed below Theorem 4.2, the power of the S, j, test when 6 > 1/2 is due to

the expanding k& while the source of the power in the case ¢ € [0,1/2) is more standard as it stems
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from the increase of the sample size n. Thus, interestingly, the power of the S, j, test with irrelevant
instruments may exceed the power of the test with strong instruments if k& is large relative to n.
The second experiment continues to use 3 potential instruments z; = (214, 225, 23;)" ~ NID(0, I3)

but the model has two endogenous variables x; = (21, 2;) with the sample {y;, 2}} generated as

/ /
Yi = ZCZ-@() + z;00 + €4,

v = TI(6) 2 + v,

1 03 03
where (e;,v])’ is trivariate normal with mean zero and covariance matrix @ = | 0.3 1 0
03 0 1
and 6y = (1,1)". For size and power computations, we set ag = (0,0,0)" and oy = (0.5,0.5,0.5)’,
1/n 0
respectively. The matrix II(d) takes the form II(J) = 0 1/n% | for different combinations

1/n% 1/nd%
of (01, 92,63,04), and is intended to illustrate the robustness of the results to heterogeneity in the

drifting sequences across instruments. Again, the sample size is n = 500 and the number of Monte
Carlo replications is 100,000.13 The basis functions and the choice of k for the Sh.i test are the
same as in the first experiment with the data being demeaned prior to estimation.

To explore the robustness of our uniformity results to differential identification strength of the
instruments, Table 1 reports the empirical size and power of the S, j test for various combina-
tions of the drifting parameters (01, d2,03,94) at the 1%, 5% and 10% nominal level. Panel A of
Table 1 presents the results for the recommended one-sided S, test. Reassuringly, the results
suggest that the proposed S, ) test continues to control size uniformly across different degrees
of identification while it remains consistent. We should note that the derived N(0,1) limit is a
large-sample approximation and the sufficient condition for k£ that ensures uniform inference; i.e.,
k = [log(500)] = 7, appears to be relatively small for the asymptotic approximation to fully kick
in, especially at the more extreme tails (e.g., at 1% nominal level). These small size distortions
are eliminated as n increases. They are also reduced for the two-sided test as illustrated in Panel
B of Table 1. For more extensive simulations in the case of completely irrelevant instruments, see

Dovonon and Gospodinov (2023).

13 Results for n = 100 and non-Gaussian (multivariate ¢-distribution with 5 degrees of freedom) z; and (g;,v})" are
reported in the Online Appendix.
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6 Empirical application: Trade and economic growth

Our application revisits some results in the empirical growth literature of the impact of international
trade on economic growth. Some suggestive evidence about the direction and magnitude of this
impact can be obtained from a cross-country regression of income per person on some proxy of trade
share (e.g., the ratio of exports or imports to GDP), controlling for other important determinants.
However, proxies of trade are typically endogenous which compromises the causal interpretation of
these regressions and necessitates the use of instrumental variables (for a review, see Durlauf et al.,
2005). For example, Frankel and Romer (1999) exploit geographical characteristics to construct
a gravity-based instrument for trade openness while Hausmann et al. (2007) use country size
(population and land area) as instruments for an indicator that captures the productivity level
associated with a country’s exports. But the reliability of the IV inference in identifying the causes
of economic growth depends crucially on the strength and validity of the chosen instruments, as
argued by Bazzi and Clemens (2013) who raised concerns about the validity of the size instruments.

We start by applying our test for instrument exogeneity to the modeling framework by Haus-
mann et al. (2007). More specifically, we consider pooled estimation of ten-year and five-year
cross-country regressions for 79 countries and 3 (for ten-year regressions) or 7 (for five-year regres-
sions) time periods for 1962-2000. The dependent variable is average annual growth in GDP per
capita over the (ten-year or five-year) period. The endogenous variable of interest is the log of
the initial productivity level of country’s ¢ exports, EXPY; with control and instrumental variables
including time period dummies, and logarithms of initial GDP per capita, human capital, area and
population.!* Table 2 presents results (two-step GMM estimates (with fixed and an expanding set
of instruments) as well as the .J,, and \S,, j, tests, along with their p-values)'® for several combinations
of log area, log population and log human capital as external instruments.

We report results for both the ten-year (Panel A) and five-year (Panel B) samples for various
model specifications: column (-u) reports the GMM with fixed & while column (-c) reports the
GMM results based on an expanding set of instruments k. Variables, whose cells in the table are
left empty, serve as external instruments for the endogenous variable EXPY. Column (1u) replicates
the results in Hausmann et al. (2007) although we report the results for the 2SGMM estimator while

Hausmann at al. (2007) present the 2SLS estimates. For this specification, ‘area’ and ‘population’

YThe data is retrieved from the replication files of Bazzi and Clemens (2013).
Y The choice of basis functions and tuning parameters for the S, test is the same as the one described and
implemented in the simulation section. For S, r, we report p-values for the one-sided test.

24



are the excluded instruments and the J, test strongly rejects the null of instrument exogeneity.
The invalidity of the instruments jeopardizes the reliability of the statistical inference which should
be adjusted using misspecification-robust standard errors as proposed by Maasoumi and Phillips
(1982) and Hall and Inoue (2003). The results based on the 2SGMM estimator with an expanding
k and the S, test proposed in this paper lead to similar conclusions.

The other two specifications are used here to only illustrate the advantages of our approach by
including ‘human capital’ as an instrument in place of ‘population’ or ‘area’ in columns (2) and
(3), respectively. Two main observations emerge from the results based on specifications (2) and
(3) in Table 2. First, while the .J,, test does not reject the null at 5% significance level in both
specifications and samples, the S, ;. test strongly suggests that the instruments are not exogenous.
This may be partly due to the fact that the strength of the instruments is weaker'® so that the
asymptotic distribution of the .J,, test becomes non-standard and its power using x(1) critical values
is compromised. Second, there are some interesting differences in the GMM estimates obtained
from a fixed and an expanding set of instruments. We start by noting that when the specification
tests were in agreement, as in columns (1u) and (1c), the GMM estimates exhibited very little
differences across the two approaches. However, when the tests lead to different conclusions, the
GMM estimates show substantial differences. The 2SGMM estimator based on an expanding set
of instruments k tends to produce more stable estimates across the different specifications and
across the ten-year and five-year samples. On the other hand, the 2SGMM estimates with a fixed k
increase sharply relative to the first specification with a value of 0.251, for example, in specification
(3u) relative to 0.092 in (1u). This behavior can be attributed to the divergence of the 2SGMM
estimator under the alternative when the instruments are weak. But this rate of divergence is
dampened for the 2SGMM estimator with an expanding & so that the rate for this GMM estimator
is \/m instead of /n as established in Section 4.

One appealing feature of our test arises in the context of just-identified models where the J),
test for overidentifying restrictions cannot be used. By contrast, our S, ; test can be applied to
both just-identified or over-identified models, without the need of any adjustments. To demonstrate
this aspect of our testing procedure, we consider the model by Frankel and Romer (1999), with
the modified specifications and instruments proposed by Deij et al. (2019). The cross-country

growth regression setup is similar to the one considered above but the main endogenous variable

For specification (3-) in the last two columns of Table 2, for example, the first stage F-test has values of 2.99 and
5.70 for the ten-year and five-year samples, respectively.
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is trade share measured as country i’s ratio of total trade (exports + imports) to GDP. Deij et
al. (2019) generate two alternative instruments for trade based on estimation of a bilateral trade
equation on a set of geographic characteristics. The instruments are constructed by aggregating
the predictions of this equation: (a) by including predictions for all potential (zero or non-zero)
bilateral trade flows and (b) by including predictions only for observations with active (positive)
bilateral trade. The former instrument was originally proposed by Frankel and Romer (1999) while
the latter instrument is also widely used in empirical studies. For more details, see Frankel and
Romer (1999) and Deij et al. (2019).7

Table 3 presents the results for the two-step GMM estimator (with expanding k) in a cross-
country regression model of log of real GDP per capita on trade share (endogenous regressor)
and control variables that include population, land area, distance to Equator, percentage of land
in tropics, and regional dummies. The endogenous variable ‘trade share’ is instrumented by one
of the two instruments defined above. Columns (-a) in Table 3 refer to the model that uses the
instrument in part (a) while columns (-b) refer to specifications that use the instrument in part (b)
that reflects only positive trade flows. These are just-identified models but our approach produces
an overidentifying framework with & instruments (k = [log(n)] and n = 98).

For the most restricted specification in columns (la) and (1b), the S, ; test strongly rejects
the null of exogeneity of the instruments. The results for the other specifications suggest that
the validity of the instruments appears to hold when more control variables are included. While
the non-rejection of the null may also be attributed to the small sample size, the capability of the
proposed test to assess model specification and instrument exogeneity — by converting just-identified
models into models with overidentifying restrictions, irrespective of their degree of identification —

proves to be quite valuable and promising.

7 Conclusion

This paper develops a framework for testing instrument exogeneity in linear IV models which is
uniformly valid over the whole range of identification signal strengths. We propose a test for
conditional moment restrictions with an expanding set of constructed instruments. The limiting
distribution of the test is standard normal under the null and is not affected by the uncertainty

about the degree of identification. We establish that the test is consistent under the alternative

"The data for this empirical exercise is obtained from the replication files provided by Deij et al. (2019).
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even when the instruments are weak or completely irrelevant. This stands in contrast to the stan-
dard test for overidentifying restrictions which fails to exhibit asymptotic power when identification
is compromised. Using a general drifting framework for the identification signal, we derive novel
results that characterize the orders of magnitude for the GMM estimator under the null and alter-
native hypothesis. The proposed test is straightforward to construct and it allows the researcher
to use standard inference for testing instrument exogeneity without taking a stand on whether the
instruments are strong, semi-strong, weak or completely irrelevant. We illustrate the appealing
properties of the test in simulations and an empirical application of the effect of trade on economic
growth.

There are some interesting directions in which this work can be extended. First, it is worth
exploring the properties of the version of the test statistic that uses the ordinary least squares
(OLS) estimator instead of 2SGMM. The fact that OLS always has a probability limit would
help control the behavior of the weighting matrix and the resulting test would be consistent.
Second, the proposed framework with an expanding number of instruments can be extended to
construct tests for nonlinear conditional moment restrictions that are robust to the strength of
the identification signal. Finally, in order to accommodate empirical problems with limited sample
sizes, it is desirable to establish the uniform validity of the bootstrap version of the proposed test

for instrument exogeneity. These research topics are currently under investigation by the authors.
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FIGURE 1. Empirical rejection rates at 5%, 10%, 20%, 80%, 90% and 95% nominal levels of the
Sn. i test (left chart) and the J, test (right chart) as a function of the identification strength of the
instruments, parameterized as 1/n° for § = (100,5,2,1,0.7,0.5,0.4,0.3,0.2,0.1,0).
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FIGURE 2. Empirical power curves at 5% nominal level of the S, ; test (left chart) and the .J,

test (right chart) for various degrees of the identification signal: ‘irrelevant’ (6 = 100), ‘very weak’
(0 =1), ‘weak’ (6 = 0.5), ‘semi-strong’ (6 = 0.2), and ‘strong’ (§ = 0).
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TABLE 1. Empirical rejection rates (size and power) of the S, j, test with instruments that exhibit
differential identification strength as a function of (41, 02, d3,d4).

Panel A: one-sided S, j, test Panel B: two-sided S, . test

(01,02, d3,04) size power size power
1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
(0,0.5,0.2,100) 1.6 50 8.6 95.4 97.7 98.5 1.0 43 9.2 94.3 96.8 97.7
(100,0.3,0.1, 100) 1.6 4.7 8.3 89.4 93.2 949 1.1 4.2 9.2 87.7 91.5 93.2
(0,0.2,0.5,0) 1.5 4.7 8.3 100 100 100 1.0 39 8.9 100 100 100
(0.8,0.2,0.5,0.4) 14 42 74 93.8 96.1 97.1 0.9 43 97 92.8 951 96.1
(0.5,0.4,0.3,0.1) 1.2 39 638 96.1 97.5 98.2 0.8 4.0 93 95.4 96.9 975
(0,100, 100, 0) 1.5 48 83 100 100 100 1.0 4.0 8.9 100 100 100
(0.1,0.2,0.5,0.5) 1.2 39 6.8 86.9 91.2 93.1 0.8 3.8 9.2 85.1 89.3 91.3
(0.6,0.5,0.2,1) 1.2 39 7.0 89.8 93.2 94.7 0.8 40 94 88.4 91.7 93.2
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TABLE 2. Two-step GMM estimates and specification tests for the ten-year and five-year cross-

country regressions for the period 1962-2000 (Hausmann et al., 2007).

Panel A: ten-year sample (n = 299)

(1u) (1c) (2u) (2¢) (3u) (3c)

log EXPY 0.092 0.092 0.132 0.074 0.251 0.080
log initial GDP/capita -0.038 -0.038 -0.054 -0.028 -0.105 -0.031
log human capital 0.004 0.004
log area -0.003 -0.002
log population -0.009 -0.000
Jy, test 11.25 0.369 0.453

(p-value) (0.001) (0.544) (0.501)

Sk test 2.628 3.491 3.255
(p_’value) (0.004) (0.000) (0.001)

Panel B: five-year sample (n = 604)
(1u) (1c) (2u) (2¢) (3u) (3c)

log EXPY 0.074 0.052 0.116 0.075 0.213 0.087
log initial GDP/capita -0.030 -0.021 -0.047 -0.029 -0.088 -0.034
log human capital 0.003 0.004

log area -0.003 -0.003

log population -0.008 -0.001
Jy, test 15.79 0.163 2.855

(p-value) (0.000) (0.686) (0.091)

Sk test 2.473 2.786 3.438
(p_’value) (0.007) (0.003) (0.000)

TABLE 3. Two-step GMM estimates (with expanding k) and specification test for instrument
exogeneity for various specifications of the effect of trade on growth (Frankel and Romer, 1999;

Deij et al., 2019).

(la) (1b) (2a) (2b) (3a) (3b) (4a) (4b)

trade share 1.131  1.879 0.653 0.909 0.690 0.840 0.810 0.962
log population 0.295 0.395 0.105 0.130 0.092 0.109 -0.027 -0.010
log area -0.117 -0.028 -0.103 -0.031 -0.114 -0.069 0.070 0.085
distance to Equator 3.995 4.084

% land in tropics -1.563 -1.630

Sub-Saharan Africa -1.993 -2.010
East Asia -0.637 -0.596
Latin America -0.590 -0.744
S test 5.009 3.258 1.280 0.456 1.655 0.766 0.608 0.107

(p-value) (0.000)  (0.001)  (0.100)  (0.324)  (0.049)  (0.222)  (0.272)  (0.457)
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A Appendix: Proofs of main results

Proof of Theorem 3.1: (a) We have

~—

51' =Y —Yy— (l’z —1})/9.

M:
Ky
N

|
N
N

|
N

V=

Sl
I

Let by := 0if 0 < § < 1/2 and by, := V;!Cyy, if § > 1/2. Let é = 6 — 0y — by. From Theorem 2.1,
e=0p(1/VE)if §>1/2 and é=O0p(n V*)if 0<5<1/2.

Let u; := ; — (x; — pz) bg. Straightforward calculations yield:
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where, thanks to Assumption 4, we use Lemma OA.1 to claim that
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(We use this Lemma and Assumption for such justification routinely through the end of the proof.)
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V= 2
Pl & ..
< Nl Nz = pale [Z =3 fein = wen ZiZ1|| | = Op (n™Y2el13).
=1 i=1 2
Similarly, we obtain:
1< €][2
= — )b - Z: 2| =0p [ 22
P Y= e @l 52 e (1),
and
1 & . é
- (v; —pg)'e-e-2;Z}|| =0 (H\/’;>
=1 2
7.
1 1 el
_ ~ - 2
gzl’—m e 22 S gl Rl ol 3527 = 0p (152).
i=1 2 1= 2
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Similarly,

1
ﬁ Z(f — Mz)/bk - € ZiZ{
=1

=Op <H6||2) , and
n

2 2

I.  Consider the case 0 < § < 1/2. Using the orders derived above, we claim that
Y :lzn:EZZiZ{ Zsz i — ) eZZ + Op ( 1+2‘S\/n_l/2>
n — (2 (2
k _ _
E( 2Zz’) ——Zel i — pa)€2: 70 + Op <\/ﬁ> +Op (n 1428/ 1/2).

1 It it
- > eilwi — ) eZiZ]

i=1

l < fleflz -

1 & ..
'nz il - lwi — pall2ZiZ;

=1
n

DRI B R e S _ O (n-1/240

<ol (|| S e 2.2 p (n12).
=1 2

Thus, V = Vi 5+ Op(k//n) + Op(n~/2%%). Since k grows slower than any (positive) power of n,

2

+

1 n
EZ i = pel3 - ZiZ;
i=1

2

we can claim that

V =Vis+Op(n~1/2¥9), (A1)

II.  Consider the case § > 1/2.

Z 2ZZ’——ZuZ T — fig) eZZ’—l—Op(;)
:E(u?ZzZZ’) Zeh —Zuleh uzh)ZZ'—i—Op(\kf)—i-Op(;)

Recall that u; = ¢; — (x; — ux)’kalClk. Using the fact that x; — p, = n°C(2;) + v;, we obtain:
Cip =k 1E(qu - -vi) +0(n7%), and Vi =k 1E(qi-vvl) + O(n™°)
and, as a result,
b := Vi ICu = (k' E(qui - viv})) " (k" Elqui - & - v3)) + O(n ™) := by + O(n ™).
Also,

u; =i — (n°C () + v3) (b, + O(n™°%)) = r1; — n 00 () b, — n°C(2) O(n~%) — v[O(n™°),
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with 71; = &; — vjboi. Thus, we obtain that:
Im 9s e 1) 5 5 0 s 5 o s
n Zuz ZiZ; = " ZrliZiZi +O0p(n™") = E(ri;ZiZ;) + Op(k/v/n) + Op(n™").
i=1 i=1
Besides,
(Tin — pon)ui = (n*‘SC(zi)h + o) [ri — n*‘SC(zi)’bok — n*‘SC(zi)’O(n*a) — ng(n*‘S)}

and it is not hard to find that:

1 & . 1 <& . B
- > (@in — pan)ui - Zi 2] = - > rivin - ZiZ{ + Op(n™°)
i=1 i=1

= E(r1vin, - Z:iZ}) + Op(k/v/n) + Op(n™0) = Op(k//n),

where we use the fact, from Assumption 4(b), that E(ry;v;|z;) = 0. It follows that
- 1 <& _ _ ..
Vi==> &% - 2)(Zi - Z) = B(},Zi2}) + Op(k/Vn) + Op(k™") == Vis + Op(k™"). (A2)
i=1
This completes the proof of part (a).
(b) This follows readily from (A.1) and (A.2) by observing that V; s is nonsingular.
(c) Part (b) puts us in the conditions of Theorem 2.1 and the fact that k& ~ a(logn)® ensures that
we are in the context of (bl) when 0 < § < 1/2. The definition of the probability limit when

d > 1/2 - case (a) of the theorem - is obtained with the limit of the estimated weighting matrix,
Vl_(sl. The result follows. O

Proof of Theorem 3.2: Note that, under the conditions of the theorem, using Theorem 3.1(b),
we have: if 0 < § < 1/2,

[V = Vaglle = Op(n1/2%%) = op(k™")

and if 6 > 1/2,
V== Voo = Op(k™).
Recall that

Jug = (jizy — i) V(g — fizaf)
=1 (g — 12a8) Vo (Finy — ) 41 (i — ) (V71 = V) (finy — e
:= (a) + (b).
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We first show that (b) = Op(1) and therefore negligible. We have:
fizy = fizal = fize — [izo(0 — 00) + Op(Vk/n) = Op(\/k/n) + Op(n™° v /k/n)Op(||0 — bo|2)-

From Theorem 3.1(b), we have § — 0y = Op(n~/2t0) if 0 < § < 1/2 and 6 — 0y = Op(1) if § > 1/2.

Thus, in both cases,
flzy — ﬂzwé = Op(Vk/n).
It follows that:
YA ~ o ~ . N _
n \ (e = fizaf) (V7" = Vi) (e — ume)' < iz — a0l - [V = Villz = Op(1).
Thus,
N\ .
Jn,k =n: (ﬂzy - ﬂzx0> ‘/2;51 (ﬂzy - ﬂzx0> + OP(l)

Using the expression of 6 — 0y, we write:

iy — final = fioe — oo (g V' frna) (¥ fine) + Op(VE

Hzy = PzzlU = Hze Poa ([ frow)” ([ fize) + Op(VEk/n).

I.  Consider the case 0 < § < 1/2. We write:

T =0 (Vg ize (V™ i) (V™ ) ™ (Vi ) (g V™ i) ™ (g V™ i)

—2 (nggvﬁnm)<ﬁ;$V‘1ﬂm>—1(ﬂ;ﬁ‘lﬁzs)) +Op(1) = nfi, Vy 4 fize + (1) + (2) + Op(1).
Using (OA.6), (OA.12), and (OA.14) from the Online Appendix, we can see that (1) = Op(1) and
(2) = Op(1). Hence,

Ink = il Vs fize + Op(1).

We apply Lemma B2 of Dovonon and Gospodinov (2023) with r; = ¢; and claim that

il Vo e — k
feeT20 s 70 d) nio) 1),
V2k

This shows that S, LN N(0,1).
II.  Consider the case § > 1/2. From Theorem 3.1(b), we have

é — 0y = VQ_kICQk +e= (E(QQZ'UiU,E))_lE(q%UiEi) + O(n_‘s) +é:=by + O(n_‘s) + €,

with & = Op(k~1/2). Hence,

flzy — ﬂzzé = Hze — ﬂzac(é — o) + OP(\/E/n) = [ize — fza(bok + O(n_(s) +é)+ OP(\/E/TL)
= fzry — Hza€ + OP(n_(S Vk/n)+ OP(\/E/H) = fzry — Hza€ + Op(\/E/n),
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with ro; = &; — vjbog. Thus,

\/E([Lzy - ﬂzxé) = \/ﬁp’zr‘g - \/ﬁﬂzxé + OP( V k/n) = An+ B, + OP( V k/n)

and

Ink = AVo s An+ BV, i B+ 24V, ' By + Op(k/v/n). (A.3)
We have:
(1)

IBull2 < [IVnfizsll2llélla = Op(n'?~° v VE)Op(k~/%) = Op(1).
Thus,
BV, Bn = Op(1). (A.4)

(2) Again, the conditions of Lemma B2 of Dovonon and Gospodinov (2023) apply here and we

have: R

4 N(0,1). A5
- ©0.1) (A5)
(3) Let us now consider A,,V, 3 B,. We have:
_ 1 ¢ _ . i
ALV, By, = - > railZi — p2) Vg (Z — i) (w5 — p1a)€ := Cé (A.6)
ij=1

Under the null hypothesis and Assumption 4(b), we can claim that E(rq;|z;) = 0 and E(ro;zi|z;) =0
so that E(Cy) = 0.
Similar to the proof of Theorem 3.3 of Dovonon and Gospodinov (2023), letting C,; be the

h-th component of C}, we have:

1 n n n n 3 B
E(C} ) = 3 SN DTN B(roi 2L Vs s Zisign - 121, ZiyVa s Ziaian),

i1=112=143=11i4=1
where we assume, without loss of generality, that pu, = 0 and u, = 0. We have the following

possibilities:

The four indices are pairwise different: Contribution to expectation is 0.
Two of the indices are equal and different from the other two:
(il,il,ig,i4) (il 7'5 i3 and i1 75 i4) - expect. 0, ‘ (’il,ig,il,i4) (il 75 ig and il 75 i4) - (pl),
(il,ig,ig,il) (il 7& i2 and i1 7& i3) - expect. 0, ‘ (il,ig,iz,@;) (ig 7é il and ig 7& i4) - expect. 0,
(i1,192,13,12) (i2 # i1 and iy # i3) - (p2) relevant case (i; = i3), see (pl),
(il, i2,13,13) (i3 # i1 and i3 # ig) - expect. 0.
Three of the indices are equal and different from the fourth:
(il,iQ,ig,ig) (il % iQ) - expect. 0, ‘ (il,iz,il,il) (il # iz) - (p3),
(il,il,ig,il) (il 75 ig) - expect. 0, ‘ (il,i1;i17i4) (il 75 i4) - (p4), same as (p3)
All the four indices are equal:
(il, il, il, il) - (p5)
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Only the cases (pl), (p2), (p3), (p4) and (p5) have terms with non zero expectation. We now

bound these expectations.
Case (pl):
’E (r%z Vi %h.r%z;?)v?jgzu%h)‘ ‘E(%Z Vs Ziywigh - 1o 21, Vet i xmh)‘
= |B (20020, Vi B [13:, 2024, VQj;ZMxM) |-

If 49 # i4, by the independent sample assumption and the upper bounds on the eigenvalues of the

matrices involved, for some C > 0, this quantity is bounded by :
CE(wisnZi,)E(xiynZiy) = Cn~?ala, = O(n~%).
If io = 74, by the same arguments, this quantity is bounded by:

CE(3,72,,Z:,) = C - trace(E(a?,,Zi,Z,,)) = O(k).

129

It follows that

Z E (rgilZ{IVQ}lZizwiQh 1913 23, Vs Y Zz43714h> < n20(n~%) + n20(k) = O(n3~2 v n?k).

indices in (pl)

Case (p2): This case corresponds to iy = i4, in (pl) and we claim that:

S E (r%Z{l Vs 3 Ziyigh - rzigz;g/?jgzuxmh) — O(n?k).
indices in (p2)

Case (p3):

! —1 ! -1 / —1
’E (7'22'122-1 V2,5 Zigmizh . T2iSZi3V2,6 Zi4$i4h)‘ ‘E (7‘2212 V Zlgxlgh 7“221 ZZ-1V2,5 Zilxi1h> ‘

=n° ‘E (T%Z{l szalak A V2j5 ilxilh)‘ <Cn°E (7“51'1 @iy - ||Zi1H§)
5/8 k 3/8
_ 16/5 3/8 _ _ ot _
< Cn™® (Bl leanl™) " (B2, 15)"° < Cn %2 (k ) :E<Z§h>) = O(n~ k),

with Z; = V;l/ 2(Zi —piz). We use in the process the Holder’s inequality and the Jensen’s inequality.

The constant C' may differ from row to row. Thus,

S B (102 Vi Zuwin - rain Ve Ziswian )| = O k).

indices in (p3)
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Case (p4): Same magnitude as (p3).
Case (p5):

’E (7’22-1 Z;, V2j§1Zi2:z:i2h 743 2, V;;Zuxuh)‘ = ‘E (r%iajth{VQT;Zi : ZZ{V{;ZZ‘xih> ‘
N 1/2
< OF (ryaiy|| Zill3) < C[B(ryay)]2E(| Zil3)]? < O (kﬁ_l ZE(Z?h)) = O(k?).
h=1

Thus,

Y E (rzilzgl Vs 3 Ziyigh - 7«21-32531/2}12@4:32-4,1) — O(nk?).
indices in (p5)

Then, combining the contributions from (pl) to (p5), we claim that
E(CE,) =0n' ™V k) + O(k) + O(n *"°k*?) + O(n™'k?) = O(k).
It results that C, , = Op(Vk) and, we deduce from (A.6) that B,V 1A, = Op(1). Hence,
B),Vy 5 An
V2k
Using (A.3), (A.4), (A.5) and (A.7), we conclude that

Op(k~1/?). (A7)

g Ik ALV, A —k
" V2k V2k

+ Op(l)

and the result follows. O

Proof of Theorem 4.1: We have
R - -1 - . 1 & _ _
0 =00+ (ﬁ;xV*lﬁw) AoV e, and V== 82— 2)(Zi - Z)'.
i=1

(a) Consider the case 0 < ¢ < 1/2. From Propositions OA.2(a) and OA.3(a) and their proofs, we
have:

e=0p(n’), V' =V3(&) ' +0p(n™™), ||fizell2 = Op(n~"), and ||fise||2 = Op(1).
Hence,
[ Vs e = fizaV(€)  fize + Op(n™™).
Since fi.e = n~%ag + Op(\/k/n) and ||é]|3? = Op(n~2%), we obtain
i, Va(8) " ize = 0" al V3 (6) tag, + [Va(&) M2 - Op(n 01 /2k12)
= llelly*n~*ai Va(E/lIell2) " ar, + Op(n~ 21212 |18)|5?)

= lellz*n e} V(@) ar + Op(n= 7 /2VE),
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Hence,

fioaV " e = 072 é]|5 %l Va (@) tay, + Op(n =37 12VE) v (n %) := n= 2|8y 2a), Vs (@) "Lag + &.

Note that:
_ i o\ _ . o -1
n=2 el - apVa(@) lag = Op(n™*), and n*-[é]3- (a}Va(@)'ar) T = Op(n®)
so that
- o\ -1 _ _
n® . e|3- (apVa(@)lay) €= Op(n*V2VEVn™) =op(1).
Thus, following similar lines as in the proof of Proposition OA.3, we have:
R D . . -1 _
(va mzx) =2 &2 (aVa(@)tax) "+ Op(nP Y2k v n), (A.8)
We now expand [szf/*lﬁzs. Note that
fize = con™ 'Y (6i(Zi—pz) — ) +O0p(n V) = Op(|lcz|l2) + Op(v/k/n)+0p(n~ V&) = Op(1).
i=1
With this, it is not hard to see that:
fioeV Ve =070 )52 - Va(@) Les + Op(n 207V v =), (A.9)

Using (A.8) and (A.9), we get:
~ -1 ~ _
(ng—lgm) gV e = 0 (Vo (i) Lag) T afVa(@) te. + Op (n25—1/2\/E v 1) . (A.10)

The result about V is derived along similar lines as in the proof of Proposition OA.3(a). We
obtain that é = Op(n®). The fact that lim inf}, inf i jju)p=13 lay, Va(u) tezll > 0 and the eigenval-
ues of (a},V3(@) tax)™! are away from zero and from above as the sample size grows ensures that

€]l = Op(n=?). The steps of the proof follows readily the same lines.

(b)  Consider the case § = 0. We have: [i,, = ax + Op(1/k/n). From Proposition OA.3(b), we
can claim that i, V"'i., = aﬁ/:,:()lak + Op(1/VE) so that:

- —1 -1
(eVee) = (ahVagar)  +0p(1/VE).
Also, it is not hard to see that
ﬂlzxv_lﬂza = a%VBTOch + OP(l/\/%)

so that

-1
0—0p= (aﬂ/:{olao ak‘{{olcz +0p(1/VE).
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The proof of the results on V follows the same lines as in that of Proposition OA.3(b).

(¢c) Consider the case 6 > 1/2. In this case,
fize = D/v/n+n"%ay + Op(Vk/n) = D/\/n + Op(1/v/n),
with || D]z = Op(vk). We have:
iV e = i, V3(8) ™ iz + Op (K /nP/?).
Noting that |[V3(&) |l = [|€]l3 2| Va(@) |2 = Op(k?/n), we obtain
AoV iz = D'Va(&) ™' D /n+ Op (k72 /n?).

Note that ||D'V3(€)~1D/n||s = Op(k3/n?) and, under the conditions of the theorem, D'V3(é)~1D
properly scaled is non-singular with probability approaching 1.
Hence, || (D’Vg(é)_ll_)/n)_1 la = Op(n?/k3?). We obtain the following inverse along similar lines

as in the proof of Proposition OA.3. We get:

T = (D'Vs(&) D)t + Op (n2/572)

_ _\ —1
= Zlel3 (k2D Va(@) 2D+ Op (w2471

(7o V )

Also, we have:
eV ize = L, Va(@) " ize + Op (KT /).

Straightforward derivations yield:

~! yr—1~ ||é||;2
oV e = \/»

n

(vag(a)*lcz + n*5+1/2a;x@,(a)*1cz) + Op(K"?/n?).

It follows that:

. _ N—1

0—0p= \éﬁ . <k_1/2D’Vé(’ll)_1k_1/2D> (D/V:’i(’l])_lcz + n_5+1/2a§€1/},(ﬁ)_1cz) + Op(\/ﬁ/k‘?’/?).

The proof of the results on V follows the same lines as in that of Proposition OA.3(c). Assumption
6(b) ensures that é := 6 — 6y = Op(y/n/k) and this is sufficient to claim, as in the proof of Propo-
sition OA.3(a), that V = V3(é) + Op(y/n/k). Under Assumption 6(c), regardless of § = 1/2 or

§ > 1/2, we can claim that ||¢||~! = Op(k/\/n) and this is sufficient to claim the same conclusion

as Proposition OA.3(c) regarding V-'. O
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N .
Proof of Theorem 4.2: Recall that J, , =n (,&zy - ﬂza;G) 1% (,&,zy — /13369) and
Snk = (Jnk —k)/V2k. Using the expression of 6 — 6, given by Theorem 4.1, we have:

~ —

foy — ﬁzxé = foe — fea(0 — 00) — (Z — p2)(ZT — Ux)l(é —bo). (A.11)
(a) 0<0<1/2. We have:
floy — fize = 2 — an(al,Va(@) ag) " tal Va(@) " tes + Op(nd~Y2VE v n %)
= Va(@)"/2 (I — Va(@) ™ 2ap(a} Vo (@) "' ap) e Va(@) 72 Va(@) T e, + Op(n AV V )

= V(@) (I — Ps)Va(a)™V2e. + Op(n 2V v %) = Op (1),

From Theorem 4.1(a), we can claim that

N/ . N .
(,azy - [Lzze) V_l (,azy - ﬂzme) — (ﬂzy - ﬂzme) ‘/S(é)_l (ﬂzy - ﬂzx‘9> ‘|‘ OP(n_gé)

= llelly e, Va(@) ™2 (L= Ps)Va(@) 2V (@) " Va(@) V2 (I~ Ps)Va(@) 2 eet-Op(n0 2V kvn ™).

Note that under Assumption 4(a), ||V3(u)||2 < C for some C' > 0. Also, thanks to Assumption 5,

Amin(V3(@)) > A. [In the next lines, we use C' as a generic positive constant with value that may

change with the context.] Thus, for some C' > 0, we claim that
~ ~ I~ / e _1 ~ -~ N
(,Uzy - sze> |4 (,Uzy - sza>
> Clléll5 2, Va(@)~Y2(I — Ps)Va(@)%c, + Op(n oV vn=). (A.12)
Besides, note that
Ill3 = ¢'e = n* - Vs(a) ar(at Va(@) " ar) ~2a Vs (@) ~tes + Op(n* V2V v nd).

But, for any k large enough,

< Amax(Va(@)

Amax«a;fvi))(a)_lak)_l) - Amin(a?cak)

<C,

for some positive constant C', where we use Assumption 1(b) and the fact that ||V3(a)||2 is bounded

under the maintained assumptions. It follows that:

lell3 < n®* - C - LVa(@) 2 PsVa(a) " Pe. + Op(n® 2 VE v )
< n25 .C + Op(n35—1/2\/%v n(s)’

(for a different value of C' > 0), where we use the fact that Aymin(Va(@)) > A and c,c, = O(1).
Therefore,
lel;2>n"%.C- (1 +O0p(nd~12VEV n—d)) :
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From (A.12), we can state that:

AN\~ a
(llzy - ﬂzx9> Vil (/]zy - ﬂzxe)
>C-n~ 2 Va(a) V(I — Ps)Va(@) " Y2e, + Op(n 02k vnT3)  (A.13)

z

and
Jn,k > nl=2.C. Ay + Op(nl/Zié\/% V 711735)

and the statement in part (a) follows readily.

(b) 6 =0. Using Theorem 4.1(b), its is not hard to see that

A~

oz (0 — 00) = an(ai,Vig'ar) ' Vi g'e. + Op(1/VE).

Using (A.11), we have:

[izy — izl = Vgl,(/)z (Ik - V3T01/2ak(a;c%,_olak)71“2‘/31)1/2) Vzl;ol/gcz +0p(1/VE)
= Vo2 Ik — P5)Vy o 2c. + Op(1/VE).

It follows that

Jnge =1 (Vg (I = POVEEVT WV (I = PV e + 0p(1/VR) )
= n (Vi 2T = PV Ve Vil (I = Po)Vag e + 0p(1/ V) )
> NN Vg Pl — Py)Vig Pes + Op(n/VE).
It follows that, if as k grows c, does not lie in the column span of ay, then J,  — oo in probability
asn — 0o and Sy, = (Jux — k)/V2k = Op(n/Vk) — oo in probability as n — oo.
(¢c) > 1/2. Using Theorem 4.1(c), we can see that § — 6y = Op(y/n/k). The fact that
fize = Cy + Op(y/k/n) and fi,, = Op(y/k/n), allows us to claim that

Pooy — ﬂzyé =cC F OP(l/\/E)-
Again, using Theorem 4.1(c), we claim that:
I =n(flzy — ljzyé)/f/—l(ﬂzy - ﬂzyé)
—nfe: + Op(1/VE)Y (Va(&)™ + Op(K*/n*/2)) (c. + Op(1/VE)
=nc Vs(e) e, + nd V3(é)™t - Op(1/VE) + Op(k3/v/n)
=nlélly” - LVa(@)"es + Op(n/VE) - [léll* + Op(k*/v/n)
>Dnax(Va(@)] "' nflelly? - llez|3 + Op(n/VE) - el + Op(k* /v/n)
>C - nllélz? (JlesIf + 0r(1/VE)) + Op(K/ V),
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with & = é/||é||2 and for some constant C' > 0. The last inequality uses the fact that Apax(V3(u))
is uniformly bound from above over u : ||ulj2 = 1 and n.
Since ||c.||% is nondecreasing in n and is nonzero for n large enough, we claim that, with

probability approaching 1,
Tnk 2 (C/2) - [lell3? - el + Op (K /v/n) = (C/2) - k* - (nk~2[e]l3®) - llez|l3 + Op(K*/v/n).
Letting m, := (C/2) - (nk~2é]|5?),
o 2 K*mnlle:]l5 + Op (K /v/n).

Since (k?/n)||é[|3 = Op(1), we can claim by definition that limjosup,, P(m, < €) = 0 and this
establishes the first part of the statement.

We can also claim that, with probability approaching one,

Sn 2(2k) 72 (Kmalle:|3 — k + Op(K* /) = 272k 2, (||e=ll3 + Op(1/k)) + Op(K*/?/v/n)
>(1/2V2)k* P 1ales |13 + Op (K2 /i)

and this concludes the proof. [
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Online Appendix for

“A uniformly valid test for instrument exogeneity”

Prosper Dovonon and Nikolay Gospodinov



This Online Appendix provides some additional theoretical and simulation results and is organized
as follows. Section OA.1 presents the proof of Theorem 2.1 in the paper. Section OA.2 describes
the asymptotic order of magnitude of the GMM estimator under the alternative hypothesis through
Propositions OA.2 and OA.3 along with their respective proofs. Proposition OA.2 focuses on the
case where the weighting matrix does not depend on parameter estimate while Proposition OA.3
focuses on GMM with the optimal weighting matrix. In Section OA.3, we provide two lemmas
(Lemma OA.4 and Lemma OA.5) showing that Ay in Theorem 4.2 does not vanish as k grows.
Section OA.4 derives the asymptotic distribution of the GMM estimator in the case where 0 <
0 < 1/2. Section OA.5 considers a simple model with a single regressor and completely irrelevant
instruments to provide further intuition and clarification of the surprising power properties of the
test. Finally, Section OA.6 reports additional simulation results for different sample sizes and

fat-tailed distributions.



OA.1 Proof of Theorem 2.1
Proof of Theorem 2.1: We have:
. . -1 .
0 =0y + (ﬂlszﬂzm) (ﬂlszﬂze) .

We derive this result in four steps. In Steps I and II, we derive the orders of magnitude of
flo Wi, and i, Wii,.. Step III deals with the magnitudes of the feasible quantities with W
replaced by W in Steps I and II. Finally, we derive in Step IV the orders of the inverse of ﬂ’mWﬂzx
and conclude the proof.

I.  Consider first i, Wii.,. We have:
ﬁlszﬂzx = /jlzzWﬂzx - ﬂ;zW(Z — u2)(Z — Nx)/ — (- ,ux)(Z - Nz)/Wﬂza:
(@ — p)(Z = 1) W(Z = p2)(T — pia)-

We observe that:

fize = n %a; + Op(\/k/n) = Op(n™° vV \/k/n) (OA.1)
and, using the fact that: Z — p, = Op(n~'/?), and Z — p, = Op(y/k/n), we obtain:

vk |, K > . (OA.2)

ﬁlzxwlazx = /]/zxwﬁzx +Op (711"‘5 V m

Now, we consider fil,, W i.,. We have:
1 n
fiegWiizy = ) Z(Zz — ) W(Zi = pz) - (i — pi) (27 — pi)’
i=1

1
+ nZ Z(Zz — ) W(Zj — p2) - (w5 — pa) (2 — p1z)" = (1) +(2). (OA.3)
i#
I.1.  Let us consider (2). We have:

1 1y _
E(2) = ~ > E (@i — pa)(Zi — p2) ) WE ((Zi — p2) (i — 1)) = <1 - n) n~2al, Way,
i#]
Now, consider the (h, h')-component of (2) — E(2) := (2)pnr — E[(2)pn]; for h, A =1,...,p. We

obtain the order of magnitude of this quantity by deriving its mean-square. We have:

2
E(2nw — El(2)nw])” =
2 2
1 _ 1
EE Z(xzh — pan)(Tinr — e ) (Zi — Mz)/W(Zj —fiz) =N 26a;chwa’kh' = HE Z bi,;j )
i#£j i#£j



where ayj, is the h-th column of aj. It is not hard to see that:

2
E Z bz',j = ZE(bZQ,]) + Z E(b@j : bi,j’) + Z E(bi,j . bi/,j)'
i#] i#] i#Ji#E) I #5 A g A i

In the next expansions, we will use at times the notation &; := x; — py, Tip = Tip — Lah-

- 2
E(bz?g) < E(Zin@iy (Zi — p2)W(Zj — p12))

= E (2n(Zi — =) WE [25,(Zj — p2)(Z5 — )| Witin(Zs — 1))

< XtracelE [ifh(Zi — 1:)(Zi — p2)']] < ME
and

E(bij - bij)
= E (&2,8nijm - (Zi — p)W(Zj — ps) - (Zi — ) W(Zy — i) — =% (aﬁchWakh/)Z
=B (Zjw(Z; — 1)) WE (£3,(Zi — p2)(Zi — p2)') WE (&0 (Zjr — ) + O(n™ ")
=n"%/, WE (#2,(Zi — p2)(Zi — p2)) Wn 0ap, +O0(n~*) = O(n=%).

It follows that:

2
1 n(n —1) n(n—1)(n—2) oy k 1
i#]
Thus, for all h, W' =1,...,p,
VE 1 - vk, 1
(Q)hh’ = E(Z)hh’ + Op (TL \ W n Q(Sa;chwakh’ + Op 7 Vv nd+1/2 |-
As a result,
_ Vi o1
(2) =n 26Q;CWCL]€ + OP (n V n6+1/2 . (OA4)

I.2.  Let us consider (1) as defined by (OA.3). We have:

1 & .
w0 = 30— ) Wi ) 58,
1=
For h,h' =1,...,p,

1~
ne (Vpw = n inhxih' (Zi — 1) W(Zi — ).
=1



Note that
E(n- (Dpw) = BEin@in - (Zi — ) W(Zs — pz) ==k - Vi

The mean square error is given by:

<n B (33,35, ((Zi — 1) W(Z; — )] ) =n'E ( 2 an [ ZIVIPWV2Z,) )

k 1/2
<n INE (:z?hngh, [Z;Ziﬁ) < n IME2C (Ek—l 3 Z§h> O(k2/n),
h=1

where C' is a positive constant. The last inequality is obtained by applying the Cauchy-Schwarz
inequality and then the Jensen’s inequality to [/-c—lzgz]‘l and then we use Assumptions 1(b) and
2(d) to conclude.

It follows that

n- (Dpn — k- Vigpw = Op(k/v/n),

that is:
-k k
2 Z — ) - B *V1k+0P i) (OA.5)

Using equations (OA.2), (OA.S), (OA.4) and (OA.5), we obtain:

PR k vk 1

oW iz = ﬁVlk 420 ayWay + Op ( \ 5112 (OA.6)
and

i Wi, = Sy ot Way, + O OA.7)

It follows that:

o If §>1/2

K vk
o If 0<6<1/2

~If k<nl™%,
, Eoo1
szwuzx =n akwak + OP E V W .

4



—If k~n'"2
- . 1 , 1
NszNzx = @ (Vlk + akWCLk) + OP W .
—If k>»nl™%,

k k 1
ﬂlzxwﬂzx = *Vlk + OP <\/> \ 25) .
n n n

II.  Consider second fi,, W fi,.. We have:

ﬂzx = lUzg — (Z - MZ)(j - Mw)l; ﬂza = lUze — (Z - ,U'z)é-
Hence,
oW fize = g W fize — HopW (Z — 1) — (T — 1 )(Z — p12) W fize + (T — p)(Z — 1) W(Z — 1 ).

Using (OA.3), the fact that ji.. = Op(y/k/n), along with the orders of magnitude of Z — p, and

T — iz, we can claim that:

YR
~/ ~ 1 _
oW iize = i, Wiize + Op (W \% T\/ﬁ . (OA.8)
Consider now: i}, Wii... We have:
oW hize = szgz i — 1) W(Z; sz i = ) W(Zj — pe)ej = (1) + (2).
i#]
(OA.9)

II.1  Consider (2). It is not hard to see that, under the null, £((2)) = 0. The mean square of the
h-th component of (2) is given by:

2 2

1 - 1
E((Q)h)Q = EE Zmzh(Zz - ,U,Z)/W(Zj - ,uz)a‘j = EE ZbiJ

i#j i#j

STE® )+ Ebigbi)+ Y. Ebisbyy).
i#j i i j i A
E(bQ,g) =FE (i"zzh‘g?(zi — 1) WA(Zj — p12)(Zj — 1) W (Zi — MZ))
= B [#,(Zi — p2) W - E(4(Z; — u2)(Z; — 2)) - W(Zi — )]
< NE(&5,(Zi — p2)(Zi — p2)) < M-k = O(k).

ot



By the Cauchy-Schwarz inequality, this bound also implies that: |E(b;; - bj;)| = O(k).

E(bij - birj) = E [Zn(Zi — p2) W(Zj — pz)ej - Zon(Zi — =) W(Z5 — p)ej)
- F ( W(Zi — 1)) WE (2(2; — 12)(Z; — 1)) WE (Gn(Zo — i)
=n"%a,, WE (ei(Zj — ) (Zj — p2)') Wn 0w, < XN3n"2a), ap, = O(n~2).

Thus, E((2)r)? = O(k/n?) + O(1/n'*2%) and it follows that:
2) = Op (‘/E v 1) | (OA.10)

I1.2  Consider now (1).
n
Y i Zi — ) W(Zi — ).
i=1
For h =1,...,p, consider the h-th component of n - (1), that is: n - (1),. We have:
E(n- (1)) = E (Zinei( Zi — p2) W(Zi — piz)) = k - Cigp,

where the last equality follows by definition of Cyx. Also,

E(n- (1), —k-Cip)’ = Tll (Zinei(Zi — p2) W (Zi — pz) — k- (Clk,h)2
V4
E (Zmei(Zi — ) W(Zi — p2))” < %E( #2221 7:) )

A 2 7.1 8 2
< * N EZ
. C-k E il = k‘ /n)

1
< —
n

for some C' > 0, where the last inequality follows from the Cauchy-Schwarz and the Jensen’s

inequalities. Therefore, we have: (1) = (k/n)Cixp + Op(k/ny/n). That is:

k k
1) =— — . A1l
0 =eu+0p () (0A.11)
Hence,
k Vk 1
—/ _ o o
[z Wihze = (1) + (2) = ﬁ(clk’ +Op (n v W) . (OA.12)
Also, using (OA.8), (OA.10), and (OA.11), we obtain:
k Vk 1

The following cases arise:



o If 6>1/2,
[ W fize = ﬁcuc +O0p ({f) .
o If 0<4d<1/2,
—If k<nl?ork~nl/29
il Wiize = Op(n~1/270).
ST a2kl
HLWitze = “ o+ Op(n ™27,
~If k~n'""ork>nl=%
[ion W ize = ﬁ(Clkz +Op(n~"Vk).
We summarize parts 1. and II. by claiming that:
o If 6>1/2,
[y W iz = ﬁvlk +Op ({f) ; [ W fize = k(clk +O0p ({f) .
o If 0<6<1/2
—If k< n'/?%ork~nl/29
i Wiise = n —25 ayWay + Op <n<5i1/2> ) i Wiie = Op(n 1/2—5)_
ST a2« k!
g;JVﬁmp:n—%ayvak+1na<i>, g;yvg%::%cuf%op@f4ﬂ—%.

—If k~nl=2

i

- N _ 1 k _
:U;;J:WMZ:E =N Qa(Vlk + a;cWak) + OP (TIW) 5 :uzzW,Uze = *(Clk + OP( 1\/%)

—If k>»nl"%,

. 3 k VE 1
[y W fizg = ﬁVlk +Op (

k _
7 V n26> y MszMzg = ECU{: + OP(n 1\/%)



III.  We now assess the effect of replacing W by W. We use the fact that fi., = Op(n=0Vv\/k/n)

fize = Op(y/k/n), and W -—W = 0p(k*1/2) to claim that
1 k
=0Op \% vk )
2 n26+1/2\/% n3/2

1k
_OP<1M\/TL>, and ‘

As a result, we have:

(W — W) fizg (W — W)fize

o If §>1/2,

k vk k vk

o If 0<6<1/2,

—If k< n'/?0ork~nl/29

R~ _ 1 _

iy Wiie = n~2a,Way, + Op (M) ; [ Wi.. =Op(n~1/27%).  (OA.14)
—If a2« k< nl®

B Wiiew =0 BaWag +0p (v E) i Wi = Sy 1 0p(n1/279),

zT zT ’IZ26\/E n ) zx n

—If k~nl=2
, 1 k
,uZIWMzac =n (Vlk + akWak) + OP W s ,LLZIW,U,ZE = *(Clk + OP( \/%)
—If k>»nl%,
k VE 1 o k _
,U«z:pWNZfC = *Vlk + Op ( - vV n%> , IzzWMza = E(Clk +Op(n 1\/%)

IV. In this part, we derive the order of magnitude of the inverse of ﬁ’szﬂzx and conclude the

proof. We obtain, recalling that § — 6y = (i, W jizg) ™ i, W fize:
o If 6>1/2,

o ~ _ 1
(/ZIZQ:WMZ:B) Vlk +Op ( 0— 0y = Vl,j(Clk + Op <

i)

Tk kJ)

oIf 0<5<1/2,



—If k< n'/?%ork~nt/29,

25 }
B W)L =02 (@ Wap)  +0p (22, 6—6y=0p(n~12*).  (OA.15
zZx k \/%
—If 20« k< nt®
20 46
~1 Tir~ \—1 26/ 1 —1 n kn
W 5z = W Op|l—=V——|,
(:uzz 2 ) n (ak ak) +0Op <\/E n )

0 — 00 = kn*" (a}Wag) " Cup + Op (K201 v 2002

~If k~nl"2,

(o Wiize) ™ =0 (Vi + afWai) ™"+ Op (n™71/2)
0— 0= (Vi + atWagp) " 'Cip + Op(n~ /240,

—If k>nl=%,

. n n2—26 - . 1 nl—20

1 n

~/ W~Zm —
(o W fize) ’

This concludes the proof. [

OA.2 Additional results for the GMM estimator under H;

This section presents the auxiliary Lemma OA.1 and Propositions OA.2 and OA.3. The two

Propositions are related to the limiting behavior of the first-step GMM estimator and its optimal

weighting matrix under H;. The statements of the results are followed by their respective proofs.

Lemma OA.1 Let (U;, z) € RxR™ be a sequence of i.i.d. random variables. Let Z; := g¥)(z) €

R* with mean p. and let

. 1 <&
Vu = g Z Ui(Zi - Mz)(Zi - ,uz>/7 and Vu = E(Uz(Zz - Mz)(Zi - Mz)l)'
=1

If k72 Zﬁm:l Var (UZ(ZZl - MZZ)(ZZT)’L - ,U/zm)) S A < 00, then

HVu - Vu||2 = OP(k/\/ﬁ)



Proposition OA.2 Suppose Assumptions 1, 2, 3, and 4(a) hold, and k — oo with k ~ a(logn)?,
for some a,b > 0. Then, under Hi, we have:

(a) For 0<6<1/2, 0=00+n(a,Way)'a,We + Op (%) .

(b) For §>1/2, f=06y+Op (%)
If, in addition, Var ((z;n — pan)(Zi — pz)) has its smallest eigenvalue uniformly bounded away from

0 for at least one h € {1,...,p}, then the Op(y/n/k) remainder has a sharp order of magnitude.

Proposition OA.3 Let é = 0 — 0. Suppose Assumptions 1, 2, 3, 4(a), and 5 hold, and k — oo
with k ~ a(logn)®, for some a,b > 0. Then, under Hy, we have:

(a) For 0<d<1/2, V =V3(6) + Op(n%), and V'=13(&)"1 4+ O0p(n=3%).
(b) For §=0, V =Vs0+O0p(1/vk), and V7'=Vii +0p(1/Vk).

(¢c) For §>1/2, V =V3(é) + Op (Vn/k), and V7'=V3é)~t+O0p (k*/n*?).

Proof of Lemma OA.1: We have:

N 1/2 : i 1/2
1V = Valla = VAl Ve = V)2 < [ S 100 = Va2 | = AP
I,m=1 I,m=1

with Arm = ﬁ 2?21 [U1<Z'Ll - ,U'zl)(Zim - ,U/zm) - E(Uz(Zzl - ,U/zl)(Zim - Mzm))] .
Note that: E(a%m) =Var(Ui(Zy — 121)(Zim — tzm)). Hence,

k k
E Z azm = Z Var (Ui(Zz'l - ,uzl)(Zim - sz)) = O(k2)'

Il,m=1 l,m=1

Thus, SF a2 = Op(k?) and the conclusion follows. [
I,m=1

lm —

Proof of Proposition OA.2: Recall § = 0+ (ji,, W fi-y) ' (ji,, W fi-c). From part IV of the proof

of Theorem 2.1, we have:

N —1

(ﬂ;xwgm) = n?(a, Wag)™' + Op(n®k~Y?), if §€0,1/2[; and (OA.16)
“ —1

(ﬁ;xWﬂw> - %V;k} L Op(nk™?), if §>1/2. (OA.17)

I.  Consider ji,;Wji,.. Recall that

fow = flze — (£ — p2)(Z — Mx)/ = Hzz + OP(\/%/TL) = n_éak + Op( V k/n).

10



Also, under our assumptions, the conclusion of Lemma A.1(c) of Dovonon and Gospodinov

(2023) holds and we have

o _ _ _ 1 ¢
MPze = Hze + OP(n 1\/@7 Hze = OP(”CZH2)§ Hze = E Zaz’ +c o= (Zi - Mz)gz' — Cz.
=1
(OA.18)

We can then claim that
- k
oW hize = flzaWize + Op (W) : (OA.19)

Consider jil,, W jie. Let Z; = x; — pu, and pick the h-th component of i, Wji.. given by:
A WY ) = iy Dl WD ok 13— W
n - - LTin\Li — Mz n - - Eil\di — Uz) = n2 < - Zin(Z Hz a; xzh Mz Cz

1= 1= 1=

= (A1) + (A2).
I.1.  Consider (Al). We have:

1

T2 me( — ) Wa + 2 me — 1) Way := (AL.1) 4+ (A1.2).
= i#j

Consider (A1.2). We have: E(A1.2) = 0. To evaluate the order of magnitude of (A1.2), we

derive as previously E(A1.2)2. We have:

1 . -
E(A1.2)? = 3 Z E (a:ih(Zi — ) Waj - @p (2 — ,uz)'Wozm)

" igitm
1 - N
= ;E(:clh( — ) Wa] vl ;E Tin(Zi — ps) Way - Tin(Z; — w2) Way)

1 - -
+ 7 Z E@in(Zi — p) Way - 2in(Z) — p2)' Wayj).
1£J,1#7,17#1

We have:

E(&in(Z; — p2) Way)? = E (oW - 23, (Z; — p2)(Zi — p) - Way)
< C-E(afjoy) < C - E(e5(Z; — ) (Z5 — p2)) = O(k),

for some constant C' > 0.

E(Zin(Zi — p2) Woay - Tjp(Z5 — pz) Way) = Etrace(Wl/Q;ﬁjhaj(Zj — ) WEinai(Zs — ) W/?)
= trace(W'2LWLWY?) < C - trace(L*) < C - k - | L|)3,

11



for some C' > 0 and with L := E(Z;,05(Z; — p2)"). We have:
L= E(s30(Z; — 1:)(Z; — 1)) — 2 B(Z; — i) &) = O(1) + O(e [)0(n~?) = O(1),
where we use the fact that ||c.|l2 = O(1). We can claim that:
E@i(Zi — p2) Way - 2jn(Z; — p2) Wai) = O(k).
For i, j,1 pairwise different, we have:
E@in(Zi — p=) Wy - (21 — p) Way) = E(Zin(Zi — p2) Wogai W (2 — p-)
< CE@@m(Zi — w2)) - B@in(Zi — pz)) = O(n™2),

for some C' > 0, where we use the fact that F(a;a}) < E(e2(Z; — p2)(Zi — p2)') = O(1).
It follows that E(A1.2)2 = O(k/n?) + O(n=2°~1). This shows that

(A1.2) = Op (‘f v 1) .

no+1/2

Hence,

If 0<5<1/2, (A1.2)=0p <6+11/2> . andif 6>1/2, (AL2)=O0p <*/E
n

n

) . (OA.20)

Consider (A1.1). We have En(Al.1) = E(Zin(Z; — p2)'Way).
! 2
Eln((AL1) = En(AL1)] = — ZE Zin(Zi — ) Wa; — B(AL.1))

_ % B (#n(Z — p) Way — B(AL1))? < %E(@h(zi ) W)
=SB (aZi — ) W((Zi = )i — )’
< 2B (E 7~ ) W(Zi = )’ + 2B (a2 — ) We)
It is not hard to see that
E (25,e}[(Zi — p2) W (Zi — 1)) = O(K?)

and

E (#i(Zi — ) We.)? < B(32,(Zi — 1) W(Zi — 1)) - . We, = O(k).
Hence,
n(AL.1) = E(Fi(Zi — p=) Wow) + Op(k/v/n) = klk ™ E(Zi(Zi — p2) Waw)] + Op(k/v/n).

12



Note that E(Zi(Z; — p.)Way) = E(Zinei(Zs — p2)'W(Z; — ) + O(n™°) and it follows that,
n(ALL) = k[k™ " E(Znei(Zi — p2) W (Zs — pz)] + O(n™° V k//n).

We conclude that:

(41.0) = EE B2 - p) Wz - w)] + 0 v i) = 0(E). oaz

From (OA.20) and (OA.21), we have:

I 0<6<1/2, <A1)_op<§+11/2>; and if 0> 1/2, <A1)_op(’“>. (0A.22)
n

n
It follows using (OA.19) that:

iy - 1 )
If 0<6<1/2, p,Wi. = (A2)+O0p <n6+1/2 ;  and
if 0>1/2, @ Wi = (A2)+Op <:> , (OA.23)

with (we keep the same notation for the vector) (A2) := 2 3" (2, — pg) - (Zi — p) We.

1.2. The effect of W. We have:
g Wiize = LW fize + il (W — W) fize.
But
1 (W = Wiiella < |[fize 2| W = Wllallizzll2 = Op(n™° V \/k/n)op(1/VE)Op(llc: 12).

Then, from (OA.23), we have:

If 0<6<1/2, ji. Wie.=(A2)+op ( and

1
néﬂ) 7
. ) the~ 1
if 6>1/2, @,Wi..=(A2)+op (ﬁ) . (OA.24)

II.  Sharp order of magnitude of (A42). We have

E(A2) = E(ip(Zi — p) We.) = n a,Wes,

13



where agp, is the h-th component of aj, as defined in Assumption 1. To check the order of magnitude

of (A2), we derive:

3

2
1 1 _
(n > (Fin(Zi — p2) Wez —n~ akthz)> = —B(&in(Zi - 1) We, —n=%a,, We.,)?
=1

- ;c;WE (@n(Zi = ) = n~ap) - @an(Zi — ) = n"agn)' ) We
1
= EC'ZWVaT(:iih(ZZ- — pz))Wes.

Under the condition that Var(Z;,(Z; — u-)) has its smallest eigenvalue uniformly bounded away

from 0, we can claim that:
(C1/n)lle:ll3 < E((A2) — E(A2))? < (Ca/n)|le.|l3,
for some constants Cq,Cy > 0. Thus,

1
if 0<46<1/2, (42)= n_‘sa;gthz +Op ( and

\/ﬁ) |
1
if >1/2, (A2) = — A2
it o2 (42)=0p (). (0A25)
where the Op(1/4/n) bound is sharp in each case.

III.  Using (OA.16), (OA.17), (OA.24) and (OA.25), some straightforward derivations yield:
If 0<4§<1/2

1
0 =0+ n(ad.Wap) 'a,We, + O (n) ; OA.26
o+ n’(apWak)™ aj, P\ TR ( )
and if §>1/2,
§ =00+ Op (‘f) : (OA.27)

where the Op(y/n/k) term in the case § > 1/2 is sharp. 0O

Proof of Proposition OA.3: We have: V = LS 842 — Z)(Z; — Z)'. We observe that

zlz

& = —(x — pz) (0 — 00) + (T — )" (0 — 0p) + &5 — &.

From Proposition OA.2: For 0<d<1/2, =0 — 0y = Op(n’);
for =0, é:=60— Ho—ka—OP(l/\[) with b = (a,Way) tajWe,;  and

14



for §>1/2, &:=60—60y=0p(v/n/k). Using this, we find that:

Ifo<d<1/2,
V= % inl EX(Zi — p2)(Z; — p2) + Op (kn%*l/?) ‘
If6=0,
~ 1 n
V= 2 22(7, — 1) (Zi — ) + Op (kn_1/2> |
Finally, if 6 > 1/2
V= LS 82 )2 ey 0 ().
=1

(a)  Consider the case: 0 < 0 < 1/2. Straightforward calculations yields:
1~ .
LS i ) (Zi— ) = Vo(@) + Op(n?)
i=1

so that

V = V(&) + Op(nd).

Assumptions 5 and 4(a) ensure that

A< inf )\mln(‘/?)(u)) < sup )\max(vz%(u)) < CS‘)

u€RP: [|ufl2=1 u€RP:||uf2=1

for some positive constant C. Therefore, we can claim, since V3(u) is an homogeneous function of
degree 2, that
A-Jlelf3 - I < Va(e) < CA - |lélf3 - I,

where the inequality is in terms of matrices: (A < B meaning that A — B is positive semidefinite.)
Since the leading term in the expansion of ||é||? is n?°c,Way(a},Way)~2a},We,, we use the fact
that: liminfy, ||}, Wes|2 > 0, liminfy Amin(ajar) > 0 and the fact that W has bounded eigenvalues

to claim that

lellz? = Op(n™2).

It follows that
V3(é)~' = Op(n™).

Now, write V = V3(é) + £, with & = Op(n®). We have

V(&) "€ ll2 = Op(n™?) = op(1).

15



Thus,
(I 4+ V(&) 1) = I, — V3() L + Op(n™%)

and

VT =150) 7 - Va(0)TTEVs(@) T + Op(n ) = V3(8) 7! + Op(n*).

This completes the proof of part (a).
(b)  Consider the case 6 = 0. Using the expression of &; in which we replace 6 — 6 by é+ bk.0,
with, as we recalled é = Op(1/Vk) (note also that byo = O(1) which ensures along with the

conditions on the relevant eigenvalues that V3o is bounded), we obtain:
V =Vs0+ Op(1/VE), implying that V! = Vi& +0p(1/VE).

(¢c) Consider the case 6 > 1/2. The proof of this part follows the same lines as the proof of

V =V3(é) + Op <\{f> .

part (a). We obtain:

The leading term of € can be obtained from the proof of Proposition OA.2 as

no 11
VS [ = ) (Z = ) = Bl — o) (2~ pa)')] W
i=1
By application of the central limit theorem for independent and (row-wise) identically distributed

triangular arrays, we can claim that
n
n71/2 Z [(mz - /*’L:L‘)(ZZ - NZ)IWCZ - E((xz - :u’$)(Z’L - NZ)IWCZ)]
i=1

is asymptotically normally distributed and, therefore, does not have an atom mass at 0 as n grows
if the asymptotic variance is nondegenerate. Actually, we can make the claim of no atom of prob-
ability at 0 if at least one component, say h of the quantity above is asymptotically normal with
nondegenerate variance. This is the case for any component h such that the smallest eigenvalue of
Var ((xin — pzn)(Z; — pz)) is uniformly bounded away from 0. This shows that é properly scaled
by its order of magnitude does not have any atom at 0. It follows that, ||é[|3? = Op(k?/n) which

allows to claim the stated result. O
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OA.3 Lower bound on A, in Theorem 4.2

The aim of this appendix is to show that the sequence Ay, appearing in Theorem 4.2, is uniformly
bounded away from 0 so that consistency of the proposed test is ensured. For this purpose, Ay is
considered the image of a specific point in R? of a function that we study in Lemmas OA.4 and
OA.5 below. The connection to Theorem 4.2 is established in Remark OA.1 below.

Let X (u) be a sequence of symmetric positive definite (k, k)-matrices such that for any k > 2,

Sher(u) = ( R ) ,

where v € R* and 02 > 0 are also functions of u € RP, but we omit the dependence for simplicity.
Let aj and ¢; be two sequences of (k,p)-matrices and (k, 1)-vectors, respectively, such that ay is

full rank for k large enough and

< ' ) )

Q41 = , y  Ck4+1 = ,

o B
k+1 k+1

for some sequences ay € RF and 3, € R. Define
P, = Zk(u)_l/Qak (aﬁng(u)_lak)_l aﬁﬂZk(u)_l/z, and  Ag(u) = ckEk(u)_l/z (I, — Ps) Ek(u)_l/%k.
Lemma OA.4 u+— Ag(u) is a non-decreasing sequence of functions, i.e., for any k > 2,

Ag(u) < Agyi(u), Yue RP.

Lemma OA.5 Assume that the sequence of real-valued functions u — Ag(u) are all defined on a
compact subset C of RP. If there exists ko such that uw — Ay, (u) is continuous and ay, does not lie

in the column span of ay,, then, for any u € C and any k > ko,
Ap(u) > Agy(u) > v,
where v > 0 is an absolute constant.

Remark OA.1 Lemma OA.5 applies to Ay introduced in Theorem 4.2. Indeed, note that, for
§ =0, Ay is obtained through Si(u) = E((e; — u'(z; — p2))*(Zi — p2)(Zi — p2)'), with u = boy, =
(al.Wag) H(aWes). Also, note that:

llarll2Amax (W)l c. 2

b <
[[bo,ell2 < Amin (W) Amin (a},a)

<M,
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where M > 0 is an absolute constant. The last inequality holds under Assumptions 1(b) and 3 and
the conditions ||c;||2 = O(1) and Amin(W) > A > 0. For the result in Lemma OA.5 to hold, we can
consider u to lie in the compact: C = {u € RP : |Jul|s < M}.

In the case 0 < § < 1/2, Ay, is obtained through Yy, (u) = E((u' (v — pe))*(Zi — p2)(Zi — p2)'), with
w=1=(0—00)/||0—boll2. We can then consider u to lie in the compact: C = {u € RP : ||ully = 1}.
In both cases, Y (u) is positive definite for all uw € C and continuous in u as a polynomial function.
It follows that u — Ag(u) is continuous and the conditions of Lemma OA.5 are satisfied. We can

therefore conclude in both cases that Ay > v > 0 for k large enough and this, so long as as there

exists ko such that c,(€ R*) does not belong to the column span of a, .
Proof of Lemma OA.4: We have:

_ _ _ -1 _
App1(u) = oy Dara (0) " erpr = Gy D (@) aps (G Zara (0) M apg) T @y D (@) e

Using the block inverse formula, we get:

Sr(w) ™+ Sp(u) to' Sk (w) " —3k(w) " e/p
Yep1(u)™t = . p=o0%—v'S(u) .
—v'Sg(u) " 1/p

Straightforward derivations yield:
_ _ 1 . _
Aoy 1 k1 (W) ags1 = ap S (w) ag + ;VV’, with V = a5k (u) v — a4y

Let us define Sy, := a},Xx(u) " tay. By the Woodbury formula, we get:

sl . lyyr. g1
-1 ._ -1 -1 o1 k- p k
Spg1 = (ahs1Zh1 (W) rapyr) =S - o %V’Sk_lV . (OA.28)

Also, we obtain:

_ _ A _
Wpy1 Zh1 (W) eppr = @) Sp(u) g + sz, M = 0'Sp(u) rep — Bryt, (OA.29)
and
1 1 i
Cop1 Zh1 (1) " g1 = Xk (u) ey + e (OA.30)
Plugging (OA.28), (OA.29) and (OA.30) into the expression of Agi1(u) above, we obtain:
2\ _ _ AL e A7
Ak+1(u) = Ak(u) — Tk ( %Zk(u) 1ak) Sk ly — I’;V’Sk ly + ;k

Sp - RVVest
-1
L+ V'SV

A A
+ (CZEk(u)_lak + ;V’) <a§€2k(u)_1ck + ;V) .
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Setting A1 = ¢, Sk (u) " apS, 'V and Ay = V'S, 1V, we get:

o x (A da)
A W) =Ap(u) — 2kA, —Zkg, 4 Zk g "
k+1(u) k(w) 0 1 112 2 L 1—|—iA2

:Ak(u)+(7 >

Proof of Lemma OA.5: From Lemma OA.4, Ag(u) > Ag,(u) for all v € C and all k& >
ko. Since u — Ag,(u) is continuous on the compact set C, there exists ug € C such that
A, (up) = mingec Ag,(u). The fact that cg, does not belong to the column span of ay, ensures

that Ay, (up) > 0. We can take § = Ay, (up). O

OA.4 Limiting distribution of the GMM estimator for 0 < ¢ < 1/2
Let S == (a,Way) 'a, WE[eX(Z; — p.)(Zi — p.)")]Wag(a),Way,) L.

Proposition OA.6 Under Hy, if Assumptions 1, 2 and 3 hold for 0 < § < 1/2, k ~ a(Inn)®, for

a,b >0 and X converges to ¥ as k — oo, then
n/273(0 — gy) % N(0,).

As it appears, the possibility of using the result in Proposition OA.6 to carry out feasible
and asymptotically valid inference about 6y may rely on knowing d and a useful estimate of ay.
Nevertheless, it turns out that this is not necessary. From the definition of a; in Assumption 1, we
also have

ar = 0 E((Z; — p2) (i — pe)') = n’ly,.

Hence, we can claim that:
V(0 —0g) ~ AN(0,n*°%}), and n® Sy = (W) " W E[eX(Zi — p2)(Zi — 112) )Wl (€W £) L.

With this observation, the crucial observation of Antoine and Renault (2009) that there is no need to
know 9§ to carry out inference about 6 also holds in our context. Standard GMM inference formulas
are obtained by replacing the quantities in the expression of n29%;, above by their respective sample
analogues. It is not hard to see that the standard GMM inference formulas lead to valid inference

in the context of Proposition OA.6, regardless of the value of 6 € [0,1/2).

Remark OA.2 In contrast to the result in Antoine and Renault (2009), there is no parameter

space rotation involved in the asymptotic distribution of the GMM estimator 6. This is mainly
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due to the fact that each component of E(x; — pig|2) is local-to-zero at the same rate n=°. Such
a rotation may appear in the asymptotic distribution 0]”6~ if each component of x; is allowed to
have a conditional mean with a specific local-to-zero rate. Although, this is not expected to affect
the distribution of the specification test (see Section 2.1), this may change the distribution derived
in Proposition OA.6 for the parameter estimate. The full study of the GMM estimator in this

identification configuration is beyond the scope of this paper.
. . -1 .
Proof of Proposition OA.6: Recall that 6 = 6y + (ﬂ'szﬂm> (/lwaﬂzé-) . We have:
Pz = n_(sak + OP( \Y k‘/’I’L) = OP(n_(S)a and  fiye = flze + OP(\/%/n) = OP( \Y k/n)
Using the fact that W — W = op(k~1/?) we obtain:
AL Wiize = n°a, Wii,. + op(n~/279).
Using (OA.15), we obtain:
1/2—6 (~1 Yir~ L e / a1 - /
2 ([ Wity ) (B iiee ) = (0 War) T 2 W (Zi = i)ei + op(1),
i=1

We use the fact that {a}, W (Z; — p.)e;}i is a triangular array that is row-wise i.i.d. with zero mean

and variance that is uniformly bounded to claim, by the central limit theorem that:
n'/279(6 — 0y) L N(0,%),

with
Y= li_>m (ayWap) L, WE[e2(Z; — 1) (Zi — p2) ) |Wag(ajWag)™t. O
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OA.5 Power with single regressor and irrelevant instrument

This section illustrates in the simplest model that, in the presence of completely irrelevant instru-
ments, the power of the proposed test originates essentially from growing number, k, of generated
instruments. More precisely, in the presence of irrelevant instruments, 2SGMM diverges but with
a rate that is moderated by k. Thus the inverse of the optimal variance does not converge to 0 as
fast as the signal part of J,, j, diverges under H;. This favorable trade-off is at the source of power.

Consider the linear model without intercept and only one regressor, which may be endogenous,
and one instrument. The absence of intercept implies that, demeaning is not essential as we can

show that the test statistic in (7) is equivalent to the same expression but with J, j replaced by

ol o N1 (+ - oINS G2
In ke : n(,uzy G,uzx> \%4 <,uzy H,uzz>, with V =n ;[yl 0x;)°2: Z;,

fiopg = n "% (a; — E(a;))(Bi — E(B))', and 6 the 23GMM estimator based on a first step
estimator 6 associated to identity weighting matrix and obtained without demeaning. Recalling

that ¢, := E(Z;e;), Straightforward calculations (also see proof of Proposition OA.2(b)) yields

=0y +¢é:= 0 + */]f (Vi cs) / \/Zu;x\/fum +Op(1).

Let V be as V but with § replacing  and V3(1) = E(22Z;Z!). We have (see Proposition OA.3(c)),

™

V =&Vs(1) + Op(v/n/k), and V~'=¢&"2(V3(1))"' 4+ Op(k/n3/?).

Moreover,

O=00+6:=0)+ \{f (\/ﬁg;xf/*cz) /(ﬁu;ﬁl\/iuzg +0p(1)

— 6o + “,f (Vii, (Vs(1)"e.) / (ﬁu;mu))l\/@w) +Op(K'/?)

NG

=Y hn+ Op(k'/?).

We also obtain:
V =e*Vs(1) + Op(v/n/k), and V~'=e"2(V3(1))"t 4+ Op(k3/n3/?).
Turning back to the signal part of J,,, we obtain
Vi(fizy = Ofizz) = V(fize — fiz0) = Ve, + Op(y/n/k) = Op(v/n).
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It follows that:
Jn = nle. + Op(LVE) e 2V3(1) " (e + Op(1/V/R)) + Op(k /).

Noting that é~2 = (n'/2k~'h,) =2+ Op(k"/?/n3/?) and that both h, and h; ' are Op(1), we obtain

Jn = E2h 2 (Vs(1)) " te, 4+ Op(K3/?).

Since ||c, |2 is bounded away from 0 (under Hj), the leading term of J,, is k2h,, 2c,(V3(1)) " te,, which
diverges to infinite as n grows. Turning to our test statistic Sy, its leading term, by definition is
212132 -2¢/ (V3(1)) e, and this ensures that S, ; diverges to +oo with probability approaching
1 as n grows. This establishes that the test is consistent. By the expression of this leading term,

consistency of the test is essentially due to increasing k. For k fixed, this argument would not hold.
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OA.6 Additional simulation evidence

This section reports additional simulation results for other sample sizes n and different distributional
assumptions. Figure OA.1 presents the power curves for the S, and J, tests at the 5% nominal

level but for n = 5,000 observations instead of n = 500 as in Figure 2 in the paper.

Power curves for S, test at 5% nominal level Power curves for .J, test at 5% nominal level
1 T T T T T 1 T T T T T

0.9
0.8

0.7

o
o
o
o

rejection probability
rejection probability

0.3

0.2

irrelevant
very weak | |
k
——— semi-stron,
strong

0 I I I I I I I 0 I I I I I I I
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

distance from the null distance from the null

irrclevant
very weak | |

0.1

FIGURE OA.1. Empirical power curves at 5% nominal level of the S, j test (left chart) and the
Jp test (right chart) for various degrees of the identification signal: ‘irrelevant’ (6 = 100), ‘very
weak’ (6 = 1), ‘weak’ (6 = 0.5), ‘semi-strong’ (6 = 0.2), and ‘strong’ (§ = 0). The sample size is
n = 5,000.

Table OA.1 is based on the same simulation design as Table 1 in the main text but n = 100
instead of n = 500 as in Table 1. While the size distortions of the test increase in the extreme tails
of the distribution, the test S, j exhibits only mild over-rejections at 10% nominal level. Table
OA.2 is based on the same simulation design as Table 1 in the main text with n = 500 but (g;, v;)’
is bivariate t-distributed with the same variance matrix €2 and 5 degrees of freedom and z; is also
drawn independently from a t-distribution with 5 degrees of freedom and I3 as a variance matrix.

This design is to assess the robustness of the proposed test to violations of Assumption 2(a).
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TABLE OA.1. Empirical rejection rates (size and power) of the S, j test with instruments that
exhibit differential identification strength as a function of (41, d2, d3,d4) with n = 100.

Panel A: one-sided S, , test Panel B: two-sided S), i, test

(01,02, d3,04) size power size power
1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
(0,0.5,0.2,100) 3.3 82 128 42.7 59.1 67.6 2.3 59 10.6 37.0 51.4 59.2
(100,0.3,0.1, 100) 29 7.3 11.6 50.4 65.2 724 2.0 5.3 10.2 45.1 585 65.4
(0,0.2,0.5,0) 3.2 82 128 55.0 73.1 81.5 2.3 5.8 10.5 48.3 64.8 73.1
(0.8,0.2,0.5,0.4) 2.7 6.7 10.7 52.6 66.4 73.5 1.8 5.1 10.1 474 60.2 66.6
(0.5,0.4,0.3,0.1) 2.6 6.7 10.6 45.1 61.2 69.8 1.8 51 99 39.5 53.8 61.4
(0,100,100, 0) 3.4 85 13.2 60.2 T77.2 84.8 2.4 6.0 10.8 53.7 69.6 T77.2
(0.1,0.2,0.5,0.5) 2.5 6.7 10.6 30.2 455 54.6 1.8 5.0 9.9 25.4 382 459
(0.6,0.5,0.2,1) 2.5 6.3 10.1 48.1 61.7 68.8 1.7 49 9.7 43.2 55.6 62.0

TABLE OA.2. Empirical rejection rates (size and power) of the S, ) test with instruments that
exhibit differential identification strength as a function of (d1,d9,d3,04) with n = 500 and data
drawn from a multivariate ¢-distribution with 5 degrees of freedom.

Panel A: one-sided S, , test Panel B: two-sided S, ;, test

(01,02, d3,04) size power size power
1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
(0,0.5,0.2,100) 1.5 46 8.1 93.7 96.9 979 1.0 39 8.5 92.1 955 96.9
(100,0.3,0.1, 100) 14 45 7.9 89.0 93.1 94.9 0.9 39 87 87.3 914 93.1
(0,0.2,0.5,0) 1.3 44 78 100 100 100 0.8 36 8.1 100 100 100
(0.8,0.2,0.5,0.4) 1.2 40 7.0 93.2 959 96.9 0.8 3.7 89 92.1 94.8 95.9
(0.5,0.4,0.3,0.1) 1.0 3.6 64 95.6 974 98.1 0.7 3.6 86 94.8 96.6 974
(0,100,100, 0) 1.3 44 78 100 100 100 0.8 36 8.1 100 100 100
(0.1,0.2,0.5,0.5) 1.1 36 64 86.3 91.1 93.2 0.7 3.6 85 84.3 89.0 91.2
(0.6,0.5,0.2,1) 1.1 3.7 6.5 89.6 93.2 94.8 0.7 3.6 88 88.1 91.7 93.2
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