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1 Introduction

Credit ratings evaluate the creditworthiness of a potential borrower� the likelihood that a

person, corporation, local government, or sovereign country may default on its debt obliga-

tions. However, there are two aspects to creditworthiness: a borrower may default because

it cannot repay its debts, or it may default because it is able but unwilling to repay its debts.

To be useful, credit ratings must capture both possibilities.

Although most studies of credit ratings focus on assessing a borrower�s innate ability

to repay, our paper is part of the smaller literature that focuses on how ratings a¤ect a

borrower�s willingness to repay� that is, its propensity to commit moral hazard. In this

setting, the credit rating is not a passive signal of borrower �type�, but rather a form

of soft collateral that incentivizes the borrower to repay debt obligations in the future. It

functions as the driver point system, which allows drivers several chances of vialations before

suspending or revoking their licences, and, in additon, provides drivers with opportunities to

mend their records. The rational is that stripping away people�s driving privilege is socially

costly, but it is a necessary measure to deter bad drivers; the point system helps reduces

the nessary cost to the minimum. This change in focus produces �ve key predictions, many

of which are more in line with real world rating systems and credit markets than those of

earlier models. First, we predict that, in equilibrium, there is a meaningful cross-sectional

distribution of credit ratings at any one time. Second, contrary to the monotonic convergence

of reputation predicted by many other papers, we �nd that borrowers�ratings can migrate

over time. Third, we show that, in our moral hazard setting, loan rates di¤erentiated by

rating cannot in themselves create su¢ cient discipline to prevent moral hazard; successful

discipline requires some possibility of credit exclusion for defaulted borrowers. Fourth, it is

not optimal to exclude defaulted borrowers permanently; instead, as in the real world, it is

optimal for excluded borrowers to eventually return to the credit market. Finally, we show

that, consistent with real rating systems, the optimal rating system is �coarse�in the sense

that it consists of a �nite number of rating �grades.�
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More speci�cally, we analyze a setting where potential borrowers di¤er observably in

their expected productivity, but the actual success or failure of a borrower�s project cannot

be observed. This gives borrowers incentives to default strategically ex post. We show

that punishing defaulters with future exclusion from the credit market creates incentives for

borrowers to behave. In e¤ect, a reputation for not defaulting creates soft collateral in the

form of continued credit access in the future. And the institutional structure of the capital

market has a huge impact on the value of the soft collateral; the evolution of the capital

market illustrates a continuingly more e¢ cient exploitation of this soft collateral to improve

social welfare.

In a decentralized market, it is di¢ cult for borrowers and lenders to link up; hence future

credit exclusion imposes a lower e¤ective cost on defaulters� essentially, there are fewer

future pro�ts to be lost. This means that maintaining incentives against strategic default

in such a market requires high probabilities of exclusion on default and low probabilities

that excluded borrowers are later allowed to return. Because exclusion reduces potentially

productive investment, and some defaults are unavoidable due to bad project outcomes,

higher levels of exclusion reduce welfare relative to the �rst best.

By contrast, a banking market reduces search frictions by providing a centralized inter-

mediary that borrowers and lenders can interact with. The easier access to �nance brought

about by capital market centralization is welfare improving in itself, but, more importantly,

it deters strategic default by increasing the cost of future exclusion. As a result, there is less

credit exclusion in equilibrium; welfare improvement is thus ampli�ed.

Further improvement can be achieved if banks make use of a multi-tiered credit rating

scheme: the added gradations function as multiple levels of soft collateral, and only the

defaulters with the lowest rating� those without su¢ cient collateral� need to be excluded

from the capital market to prevent all borrowers from defaulting strategically. Nevertheless,

adding tiers to the credit rating system does not come without cost: although it excludes

defaulters less frequently, maintaining incentives requires that it be harder for defaulters to
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return to the credit market once they have been excluded. In equilibrium, the optimal credit

rating system balances the frequency and severity of punishment and reduces the social cost

to the minimum.

As we mentioned earlier, our paper is part of an earlier literature that examines credit

ratings and their e¤ect on borrower moral hazard. This literature begins with Diamond

(1989), who shows that reputation can be used to alleviate the con�ict of interest between

borrowers and lenders in a model with three types of borrowers� those who are innately good,

those who are innately bad, and those who can choose to be good or bad. In his model,

as time goes on, innately bad borrowers default and drop out of the cohort, improving the

reputation of the borrowers that remain; this in turn can give strategic borrowers more

incentives to choose good projects (though in the long-run they eventually �harvest�their

improved reputation and choose the bad project). By contrast, Vercammen (1995) shows

that if bad borrowers are never excluded from the market, then the reputation e¤ect can

decrease over time as lenders learn more and more about borrowers�types. Finally, Padilla

and Pagano (2000) show that, in a two-period model, information sharing between banks can

mitigate moral hazard in e¤ort provision: to avoid being pooled with low-quality borrowers,

high-quality borrowers work hard to avoid default.1

In addition to works on how ratings a¤ect borrower moral hazard, a more recent and

rapidly-expanding literature focuses on moral hazard on the part of the rating agencies

themselves. In these models, the borrower usually does not have a capacity for moral hazard,

but there is a borrower adverse selection problem which the ratings agency can choose to

overcome. Salient examples include Mathis, McAndrews, and Rochet (2009), Bolton, Friexas,

and Shapiro (2012), Bar-Isaac and Shapiro (2013), Opp, Opp, and Harris (2013), Fulghieri,

Strobl, and Xia (2014), Skreta and Veldkamp (2009), and Sangiorgi and Spatt (2015). Boot,

Milbourn, and Schmeits (2006) are somewhat closer to our focus: in their model, the threat

of a potential ratings downgrade can deter borrower moral hazard.

1For examples of the broader literature focusing on credit ratings when borrower quality varies but moral
hazard is not present, see Diamond (1991), Pagano and Jappelli (1993), and Padilla and Pagano (1997).
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Our paper is more closely related to works on rating coarseness. Lizzeri (1999) shows

that, in order to maximize surplus, a monopoly intermediary has incentive to manipulate

information by revealing only whether quality is above some minimal standard. By contrast,

competition among intermediaries can force them to reveal full information. Goel and Thakor

(2013) construct a cheap-talk game to model coarse ratings. In equilibrium, a rating agency

wants to deliver in�ated ratings to please issuers, and, in the meantime, needs to keep the

rating in�ation below a threshold to make it credible to investors. The two con�icting

objectives give rise to coarse but unbiased ratings in equilibrium. Coarse ratings reduce

social welfare because they lead to investment ine¢ ciency. Kovbasyuk (2013) shows that

private rating-contingent payments can cause ratings coarseness. Kartasheva and Yilmaz

(2013) show that ratings become less precise when there are more uninformed investors in

the market and the gains of trade increase. Donaldson and Piacentino (2013) consider credit

ratings as a source of public information and show that a reduction in rating precision can

Pareto improve social welfare. Our paper is di¤erent in that, instead of considering rating

agencies�incentives and the relative advantage of private information, we focus on the e¤ect

of ratings on borrowers�incentives. An optimal rating system has to be coarse because it

needs to satisfy incentive compatibility constraints of agents with various ratings. There is

no room for regulators to improve e¢ ciency in our framework.

We study a general equilibrium model and illustrate the impact of the institutional struc-

ture on the value of soft collateral. If we strip away the institutional details and the general

equilibrium setting, then the model is related to studies on dynamic contracting. Gromb

(1999) studies a multiperiod model where withholding future funding is a threat to deter

strategic default. He shows that renegotiation can erode the lender�s pro�t, sometimes to

the point that lending collapses. In a similar discrete-time setting, Demarzo and Fishman

(2007) characterize the optimal dynamic contract� payments and termination probability

as functions of the reporting history� as a function of a single state variable representing

the continuation payo¤ for the agent, and they show that the optimal contract can be im-
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plemented with debt, equity and a line of credit. Demarzo and Sannikov (2006) analyze

a continuous-time version of Demarzo and Fishman (2007). Biais et al. (2007) show that

replacing the credit line with cash reserves can also implement the optimal contract charac-

terized by Demarzo and Fishman (2007); furthermore, they use the continuous-time limit of

the optimal contract to derive asset pricing implications. All these papers are partial equi-

librium principal-agent models. In contrast, we analyze a general equilibrium model where

several things are endogenized, including the agregate supply and demand of capital, the

bargaining power of the lenders and borrowers, the continuation value after credit exclusion.

Di¤erent from the partial equilibrium papers, we allow excluded borrowers to return to the

capital market after a certain number of periods.2 In our model, a borrower�s credit rating,

which is interpreted as a form of soft collateral, is the single state variable.3 Moreover, the

general equilibrium setting enables us to examine the equilibrium distribution and migration

of credit rating. The predictions are similar to what we observe in the real world.

The rest of the paper proceeds as follows. In Section 2, we set up the model and lay out the

assumptions. In Section 3, we �rst study the autarky case where there is no borrowing and

lending; we then analyze the credit market without banks where borrowing and lending can

only occur through random matching of dispersed individuals. We examine the centralized

bank lending market in Section 4. We investigate credit ratings in Section 5. We �rst study

a simple three-tier rating system to illustration the intuition; afterwards we solve the general

multi-tier rating equilibrium and characterize the optimal rating system. We discuss rate

di¤erentiation in Section 6. Section 7 o¤ers conclusive remarks. The appendix includes the

proofs of propositions.

2In a partial equilibrium parincipal-agent setting, a higher probability of temporary termination combined
with a certain revival probability is homomorphic to a lower probability of permanent termination. But it
is not the case in the general equibrium; if agents were not allowed to return to the capital market, the
population would eventually reduce to zero.

3There is a one-to-one mapping between an agent�s rating and continuation value.
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2 Model

The economy is populated with a continuum of in�nitely lived agents, with the total popu-

lation normalized to unity. Agents produce and consume perishable goods at discrete points

in continuous time. At the beginning of each period, agents receive two shocks: a capital

endowment shock and a productivity sock. Speci�cally, a fraction c 2 [0; 1] of the popu-

lation are each endowed with one (normalized) unit of capital, which is needed to produce

consumption goods. In addition, all agents, with or without capital, receive a productivity

shock that is independent of the capital endowment shock: with probability p, an agent�s

productivity is high (H); with probability 1�p, his productivity is low (L). We assume that

the distribution of capital endowment and productivity shocks are independent and identi-

cal across time. So, conditional on capital endowment and productivity shocks, each period

there are four types of agents in the economy: those with capital and high productivity,

whose value function denoted by V1H ; those with capital but low productivity, whose value

function denoted by V1L; those with high productivity but no capital, whose value func-

tion denoted by V0H ; and those with low productivity and no capital, whose value function

denoted by V0L.

Capital cannot be consumed directly, but can be used to produce consumption goods

that can be consumed at the end of the period. With one unit of capital, an agent with

high productivity produces random output: either X units of the consumption good with

probability � or zero consumption good with probability 1 � �; the expected output is

XH = �X. We assume that XH is greater than a low-productivity agent�s output per

unit of capital, which, for simplicity, is assumed to be a positive constant XL > 0. We

assume that a high-productivity agent�s realized output is neither observable nor veri�able,

which gives rise to the moral hazard problem, the solution to which is the key point of the

paper. We also assume capital goods are indivisible and each agent can only use one unit

of capital. In addition, capital is perishable and fully depreciates at the end of a period,

regardless of whether it has been used to produce consumption goods; hence, there is no
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capital accumulation.4 All agents are risk neutral, and the discount rate is r per period. We

�rst study the equilibrium in the absence of �nancial intermediaries.

3 Equilibrium without Financial Intermediaries

In this section, we analyze the equilibrium in an economy where there is no �nancial inter-

mediary. We �rst solve the autarky case, then consider the case where individual borrowing

and lending are allowed.

3.1 Autarky

In the case of autarky, there is no borrowing and lending. The value functions are as follows:

V A1H =
1

1 + r
fXH + V

Ag;

V A1L =
1

1 + r
fXL + V

Ag;

V A0H =
V A

1 + r
;

V A0L =
V A

1 + r
;

where

V A � cpV A1H + c(1� p)V A1L + (1� c)pV A0H + (1� c)(1� p)V A0L

is the unconditional expected lifetime value at the beginning of a period, before each agent

learns the realizations of capital and productivity shocks. The following proposition describes

the autarky equilibrium:

Proposition 1 In the autarky equilibrium, an agent�s expected lifetime payo¤ is equal to

cpXH+c(1�p)XL
r

:

4Even if an agent can only invest one unit of capital each period, he may have incentives to store capital
as a precautionary measure against credit rationing. For simplicity and tractability, we assume that capital
is perishable and thus cannot be stored.
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Proof. See Appendix.

The proposition is easy to interpret. Each period an agent receives capital with prob-

ability c; and, with the capital endowment, produces XH with probability p and XL with

probability 1 � p: Therefore, the expected payo¤ is cpXH + c(1 � p)XL: The ex ante un-

conditional expected lifetime value, V A; is just a perpetuity with the expected periodical

payo¤s equal to cpXH + c(1� p)XL: Ex post, if an agent does not own capital, he receives

nothing during the current period, and thus the lifetime value is the perpetuity postponed

by one period; discounted by 1 + r; it is V A

1+r
: If an agent owns capital in the current period,

then in addition to the postponed perpetuity, he is going to receive XH or XL at the end of

the current period depending on whether his productivity is high or low. Since agents are

homogeneous, social welfare in the autarky economy is the same as an agent�s unconditional

expected lifetime value:

WA = V A =
cpXH + c(1� p)XL

r
:

The autarky economy is ine¢ cient because a fraction of capital is stuck in the hands

of those agents with low productivity while some of the high-productivity agents do not

have access to the indispensable capital for the production of consumption goods. The

ine¢ ciency calls for a �nancial market where agents can borrow and lend capital to generate

more outputs. In the remaining of this paper, we analyze �nancial markets that allow

borrowing and lending, starting with individual loans, then bank loans, and �nally, bank

loans with credit ratings.

3.2 Individual Loans

In this section, we consider the case of a decentralized market with individual loans. We

assume agents randomly meet after capital and productivity shocks are realized. Borrowing

and lending happen only when a capital owner with low productivity meets an agent with

no capital but high productivity; the former then becomes a capital borrower and the latter
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becomes a capital lender. Considering the overall distribution of di¤erent agent types, a

borrower meets a lender with probability c(1 � p); and a lender meets a borrower with

probability (1� c)p. A borrower agrees to pay R to the lender at the end of the period after

production is completed.5 Because production is risky, the lender has a chance to receive

R only when a high-productivity borrower generates X units of the consumption good; this

happens with probability �: Moreover, because output is neither observable nor veri�able,

without any potential punishment, the borrower has no incentive to repay the debt.

The punishment for default is credit exclusion. Speci�cally, we assume that with proba-

bility  a defaulted borrower obtains a bad reputation and will be denied of loans from any

other agent in the next period. However, reputation can be repaired. After one period, with

probability � a defaulted agent will get a fresh start and be able to borrow again; with proba-

bility 1��; the bad reputation sticks and the defaulted agent has to wait for one more period

to see whether he has a chance to be allowed to borrow. The parameters values of  and �

are determined by how agents are related to each other and how they commnucate, which

we do not endogenize.6 In the steady state, a fraction �I of the population do not have the

bad reputation; their value functions conditional on realized capital and productivity shocks

are as follows:

V I1H =
1

1 + r
fXH + V

Ig;

V I1L =
1

1 + r
f(1� c)p�R + (1� (1� c)p)XL + V

Ig;

V I0H =
1

1 + r
fc(1� p)[�(X �R + V I) + (1� �)((1� )V I + V I(e))] + (1� c(1� p))V Ig;

V I0L =
V I

1 + r
;

5We assume that agents cannot pledge their future capital shocks. This assumption can be justi�ed by
agents�volutary participation in the capital market. When an agent pledges too much of his future capital,
he has the incentive to quit the capital market.

6In Section 5, when we analyse the optimal credit rating system, we endogenize the optimal values of 
and �:
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where

V I � cpV I1H + c(1� p)V I1L + (1� c)pV I0H + (1� c)(1� p)V I0L

is the unconditional expected lifetime value at the beginning of a period before capital and

productivity shocks are realized. As for those agents with the bad reputation, the remaining

1 � �I fraction of the population, they will be excluded from borrowing for at least one

period; we denote their unconditional expected lifetime value by V I(e):

V I(e) =
1

1 + �
[cpXH + c(1� p)XL + �V

I + (1� �)V I(e)g:

The equilibrium solutions of the value functions are subject to the following conditions:

1). Lenders are willing to lend:

�R � XL;

2). Borrowers with high outputs are willing to repay the loan:

R � (V I � V I(e));

3). A constant steady state population distribution:

�Ic(1� c)p(1� p)(1� �) = �(1� �I):

We assume that borrowers have all the bargaining power, so R = XL=�: A borrower

chooses between repaying the loan and facing the punishment of potential credit exclusion

next period. The threat of credit exclusion essentially serves as a form of soft collateral. The

value of soft collateral is equal to (V I � V I(e)). The likelihood of being excluded from the

capital market, ; has a direct e¤ect on the value of the soft collateral; in addition, together

with other model parameters, it has an indirect e¤ect on the value of the soft collateral

through its impact on V I � V I(e): A borrower repays the debt if and only if the value of the
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soft collateral exceeds the gain from strategic default; i.e. (V I � V I(e)) � R . Solving the

model, we have:

Proposition 2 There exists a private loan market if and only if: 1) the likelihood of ex-

cluding a defaulted borrower from the capital market is large enough: given all the other

parameters, there is a minimum value of , I , such that  � I ; or 2) the chance of return-

ing to the capital market is small enough: given all the other parameters, there is a maximum

value of �, �I , such that � � �I :

Proof. See Appendix.

Proposition 2 shows that the existence of a private loan market depends on the value of

the soft collateral, which is determined by the likelihood of blackballing a defaulted borrower.

Social welfare in this case is equal to the weighted average of the expected lifetime value:

W I = �IV I + (1� �I)V I(e)

=
cpXH + c(1� p)XL

r
+

c(1� c)p(1� p)(XH �XL)

r[1 + c(1� c)p(1� p)(1� �)=�] :

As can be seen, social welfare is decreasing in  and increasing in �: Being excluded from the

capital market, defaulted borrowers cannot take advantage of their high productivity, but

this welfare loss is the necessary cost to guarantee that borrowers have incentives to repay

the debt.

The second incentive compatibility condition means that the value of soft collateral has to

be su¢ ciently large to deter straegic default. A decentralized private loan market faces two

obstacles that hamper the value of the soft collateral and prohibit borrowing and lending.

First, it is very di¢ cult to share information about a borrower�s default and to exclude

him from the capital market; in other words,  is small and � can be large. Second, search

frictions limit the chance of meeting a lender and thus softens the punishment of being

excluded from the capital market. As a result, a private loan market can only exist in a
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closely-knit community where people are familiar with each other and information is more

transparent. Even when a private loan market, high exclusion makes it exremely ine¢ cient.

We proceed to show that bank lending, even with the same parameter values of  and �; can

boost the value of the soft collateral.

4 Bank Loans

Suppose there is a competitive banking system in which banks accept deposits from agents

who are endowed with capital and low productivity, and make loans to agents who have

high-productivity but lack capital. The existence of competitive banks alleviates the double

coincidence problem because borrowers and depositors do business with banks instead of

meeting each other through random matching. Improved access to �nance means that it is

more costly for a borrower to default and be excluded from the capital market; that is, the

value of soft collateral is greatly boosted.

We assume that depositors receive Rd by saving their capital goods with banks; borrowers

who receive bank loans agree to pay Rl at the end of the period. In the steady state, a

fraction �B of all the agents are allowed to borrow from banks and the remaining 1� �B of

all the agents are excluded from borrowing for at least one period due to default in the past.

Agents who are not blacklisted by banks have the following value functions once the capital

and productivity shocks are realized:

V B1H =
1

1 + r
fXH + V

Bg;

V B1L =
1

1 + r
fRd + V Bg;

V B0H =
1

1 + r
f�(X �Rl + V B) + (1� �)[(1� )V B + V B(e)]g;

V B0L =
V B

1 + r
;
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where

V B � cpV B1H + c(1� p)V B1L + (1� c)pV B0H + (1� c)(1� p)V B0L

is the unconditional expected lifetime value at the beginning of a period. Agents who are

blacklisted by banks have the following unconditional expected lifetime value function:

V B(e) =
1

1 + r
fcpXH + c(1� p)XL + �V

B + (1� �)V B(e)g:

In equilibrium, the following constraints need to be satis�ed:

1). Depositors are willing to put their capital into banks:

Rd � XL;

2). Borrowers with high outputs are willing to repay bank loans:

Rl � (V B � V B(e));

3). Banks break even:

�Rl � Rd;

4). A constant steady state population distribution:

�B(1� c)p(1� �) = �(1� �B):

We still assume that the overall supply of deposits is greater than the demand for loans.

As a result, banks will compete to lower the deposit rate and the loan rate such that we

have Rd = XL and �Rl = Rd in equilibrium. Proposition 3 characterizes the equilibrium

solutions:

Proposition 3 Compared with the private loan market, a competitive banking system im-
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proves economic e¢ ciency. Speci�cally, let B ( �B) denote the minimum (maximum) value

of  (�), ceteris paribus, for a bank loan equilibrium to exist. We have B < I and �B > �I ;

that is, when B �  < I (or �B � � > �I), there exists a bank loan equilibrium but not a

private loan equilibrium. In addition, when  � I (or � � �I), a bank loan equilibrium is

always more e¢ cient than a private loan equilibrium.

Proof. See Appendix

With banks present in the economy, borrowers know where exactly to obtain capital to

exploit their high productivity and will always get it if they are not blacklisted by banks.

In contrast, because of search frictions in the private loan economy, a borrower with good

reputation only obtains capital with probability c(1�p)�the agent he meets is endowed with

capital and low productivity. Proposition 3 shows that the reduction of search frictions has

a huge impact beyond itself because it greatly increases the cost of credit exclusion, and,

by doing so, it increases the value of soft collateral. Consequently, a small chance of being

blacklisted by banks can become a huge cost for defaulted borrowers. Through this channel,

a centralized loan market tightens borrowers�incentives, relaxes constraints on parameters,

and improves social welfare.

What is worth mentioning is that, although concentrated lending makes it easier to

blacklist defaulted borrowers�that is, bank lending is presumably associated with a higher 

and a lower �; this is not the source of improved e¢ ciency; instead, if anything, it is a source

of ine¢ ciency. We only need the parameter values of  and � to guarantee the existence

of the bank loan equilibrium; beyond those values, a higher  or a lower � reduces social

welfare.

So far we have shown that a competitive banking system is more e¢ cient than a private

loan economy, but can it be further improved? In a dynamic model as we study in this

paper, each agent has a long history of transactions. Because all agents are homogeneous

at the very beginning, when the history is long enough, each agent�s history has essentially

the same frequency of borrowing, lending, repayments, and defaults; that is, agents�credit
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quality is statistically indistinguishable. Even so, we can create a rating system that is based

on a truncated history�for example, the most recent transaction�to distinguish agents. The

rational is that a rating system stratify agents into di¤erent groups with di¤erent levels

of soft collateral. The strati�cation allows a multiple-tier punishment scheme so that de-

faulted borrowers with su¢ cient soft collateral only lose collateral by getting their ratings

downgraded, a probation in a sense, instead of being immediately excluded from the capital

market; only those defaulted borrowers with insu¢ cient soft collateral need to be excluded

from the capital market. Designed properly, the threat of downgrading can give borrow-

ers incentives to repay their loans and repair their ratings. Compared with direct credit

exclusion, rating downgrading is a less costly solution to the moral hazard problem. We

investigate credit ratings in the next section.

5 Credit Ratings

To understand how a rating system contributes to social welfare, we �rst analyze a simple

case where each agent is assigned one of the three ratings: A, B, or C. Afterwards, we

extend our analysis to a general system with N ratings and characterize the optimal rating

system.

5.1 A Three-tier Rating System

We extend the analysis in Section 4 by further dividing those agents who are not excluded

from borrowing into two subgroups: A and B. So at the beginning of each period, before

capital and productivity shocks are realized, each agent has one of the three ratings: A, B,

or C; C means exclusion. If an agent with rating A borrows and defaults, then his rating

is downgraded to B; otherwise he keeps the original rating A. If an agent with rating B

borrows and repays the loan, his rating is upgraded to A; if he borrows and defaults, then

his rating is downgraded to C with probability ; in all other cases he keeps the original
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rating B. An agent with rating C is excluded from borrowing in the current period but has

a chance to be upgraded to rating B next period, which happens with probability �; with

probability 1 � �; he remains the original rating C next period. We use superscripts RA;

RB; and RC to di¤erentiate agents with ratings A; B; and C respectively.7

Agents with rating A have the following value functions once the capital and productivity

shocks are realized:

V RA1H =
1

1 + r
fXH + V

RAg;

V RA1L =
1

1 + r
fRd + V RAg;

V RA0H =
1

1 + r
f�(X �Rl + V RA) + (1� �)V RB]g;

V RA0L =
V RA

1 + r
;

where

V RA � cpV RA1H + c(1� p)V RA1L + (1� c)pV RA0H + (1� c)(1� p)V RA0L

is the unconditional expected lifetime value at the beginning of a period. Agents with rating

B have the following value functions once the capital and productivity shocks are realized:

V RB1H =
1

1 + r
fXH + V

RBg;

V RB1L =
1

1 + r
fRd + V RBg;

V RB0H =
1

1 + r
f�(X �Rl + V RA) + (1� �)[(1� )V RB + V RC ]g;

V RB0L =
V RB

1 + r
;

where

V RB � cpV RB1H + c(1� p)V RB1L + (1� c)pV RB0H + (1� c)(1� p)V RB0L

7We assume that the rating agencys and banks commit not to renegotiating agents�ratings. Individual
banks may have incentives to renegotiate with borrowers, but renegotiation unravels the credit rating system.
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is the unconditional expected lifetime value at the beginning of a period.

Agents with rating C have the following unconditional expected lifetime value:

V RC =
1

1 + r
fcpXH + c(1� p)XL + �V

RB + (1� �)V RCg:

The value functions are subject to the following constraints:

1). Depositors are willing to deposit their capital in banks:

Rd � XL;

2a). Borrowers with rating A are willing to repay bank loans:

Rl � V RA � V RB;

2b). Borrowers with rating B are willing to repay bank loans:

Rl � V RA � [V RC + (1� )V RB];

3). Banks break even:

�Rl � Rd;

4). A constant steady state population distribution:

�RA(1� c)p(1� �) = �RB(1� c)p�;

�RB(1� c)p(1� �)B = (1� �RA � �RB)�B;

where �RA and �RB denote the proportion of agents with ratings A and B respectively.

Same as before, we assume that competition drives the deposit rate and the loan rate to

the minimum level; that is, Rd = XL and �Rl = XL:
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Proposition 4 Let R ( �R) denote the minimum (maximum) value of  (�), ceteris paribus,

for a bank loan equilibrium with credit ratings to exist. We have R > B and �R < �B;

that is, when B �  < R (or �B � � > �R), there exists a bank loan equilibrium without

credit ratings but not a bank loan equilibrium with credit ratings. However, when  � R

(or � � �R), a bank loan equilibrium with credit ratings is always more e¢ cient than that

without credit ratings.

Proof. See Appendix.

Proposition 4 tells us that, so long as parameter values allow the three-tier credit rating

system to exist, it is always more e¢ cient than a banking system without credit ratings.

Credit ratings reduce the social cost by giving some of the defaulted borrowers�those with

the rating A�a second chance rather than immediately excluding them from borrowing. By

doing so, credit ratings create two tiers of punishment: downgrading from A to B and

downgrading from B to C. To discourage borrowers from strategic default, the costs of

being downgraded in both cases need to be greater than the amount of loan repayment.

This requires a minimum aggregate gap between the value of rating A and that of rating

C, which can only be guaranteed with a more severe punishment imposed on defaulted

borrowers with B rating�a higher cuto¤ value of  or a lower cuto¤ value of � compared

with the cuto¤ values in a banking system without credit ratings. A higher of  or a lower

value of � has two con�icting e¤ects on welfare. On one hand, it makes it possible to exempt

defaulted borrowers with A rating from credit exclusion, which reduces the social cost; on

the other hand, it shuts the defaulted borrowers with B rating out of the capital market

more often and for a longer period, which increases the social cost. As we show below, the

optimal credit rating system in the general case balances the trade-o¤ between these two

opposing e¤ects.
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5.2 The General Rating System

In this subsection, we extend the analysis to the general rating system that consists of N

di¤erent ratings, indexed as 1; 2; :::N �1; N , from the best to the worst. If an agent borrows

and repays the loan, then his rating is upgraded one level above except for agents with

rating 1, who keep the original rating 1. If an agent borrows and defaults, then his rating is

downgraded one level except for agents with ratings N � 1; who is downgraded to N with

probability . An agent with rating N is denied of borrowing in the current period but has a

chance to be upgraded to rating N � 1 next period, which happens with probability �; with

probability 1 � �; he remains the original rating N next period. We use superscripts G(k)

(k = 1; 2; :::N � 1; N) to di¤erentiate agents with ratings 1; 2; :::N � 1; N respectively.

Agents with rating 1 have the following value functions once the capital and productivity

shocks are realized:

V
G(1)
1H =

1

1 + r
fXH + V

G(1)g;

V
G(1)
1L =

1

1 + r
fRd + V G(1)g;

V
G(1)
0H =

1

1 + r
f�(X �Rl + V G(1)) + (1� �)V G(2)]g;

V
G(1)
0L =

V G(1)

1 + r
;

where

V G(1) � cpV G(1)1H + c(1� p)V G(1)1L + (1� c)pV G(1)0H + (1� c)(1� p)V G(1)0L

is the unconditional expected lifetime value at the beginning of a period.

Agents with rating k (k = 2; 3; :::N � 2) have the following value functions once the

capital and productivity shocks are realized:

V
G(k)
1H =

1

1 + r
fXH + V

G(k)g;

V
G(k)
1L =

1

1 + r
fRd + V G(k)g;
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V
G(k)
0H =

1

1 + r
f�(X �Rl + V G(k�1)) + (1� �)V G(k+1)g;

V
G(k)
0L =

V G(k)

1 + r
;

where

V G(k) � cpV G(k)1H + c(1� p)V G(k)1L + (1� c)pV G(k)0H + (1� c)(1� p)V G(k)0L

is the unconditional expected lifetime value at the beginning of a period.

Agents with rating N � 1 have the following value functions once the capital and pro-

ductivity shocks are realized:

V
G(N�1)
1H =

1

1 + r
fXH + V

G(N�1)g;

V
G(N�1)
1L =

1

1 + r
fRd + V G(N�1)g;

V
G(N�1)
0H =

1

1 + r
f�(X �Rl + V G(N�2)) + (1� �)[(1� )V G(N�1) + V G(N)]g;

V
G(N�1)
0L =

V G(N�1)

1 + r
;

where

V G(N�1) � cpV G(N�1)1H + c(1� p)V G(N�1)1L + (1� c)pV G(N�1)0H + (1� c)(1� p)V G(N�1)0L

is the unconditional expected lifetime value at the beginning of a period.

Finally, agents with rating N have the following unconditional expected lifetime value:

V G(N) =
1

1 + r
fcpXH + c(1� p)XL + �V

G(N�1) + (1� �)V G(N)g:

The value functions are subject to following constraints:

1). Depositors are willing to deposit their capital in banks:

Rd � XL;
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2a). Borrowers with rating 1 are willing to repay bank loans:

Rl � V G(1) � V G(2);

2b). Borrowers with rating k (k = 2; 3; :::N � 2) are willing to repay bank loans:

Rl � V G(k�1) � V G(k+1);

2c). Borrowers with rating N � 1 are willing to repay bank loans:

Rl � V G(N�2) � [V G(N) + (1� )V G(N�1)];

3). Banks break even:

�Rl � Rd;

4). A constant steady state population distribution:

�G(k�1)(1� c)p(1� �) = �G(k)(1� c)p� k = 1; 2; :::N � 1;

�G(N�1)(1� c)p(1� �) = (1�
PN�1

k=1 �
G(k))�;

where �G(k)denotes the proportion of agents with rating k (k = 1; 2; :::N � 1).

Same as before, we assume that competition drives the deposit rate and the loan rate to

the minimum level; that is, Rd = XL and �Rl = XL: It is trivial to see that the expected

lifetime value decreases as an agent�s rating deteriorates. As a matter of fact, the rating

system creates a chain of incentive compatibility constrains that gives every borrower a

carrot-and-stick choice: a rating upgrade for repayment or a rating downgrade for default.

In equilibrium, all borrowers with high outputs choose the carrot. Proposition 5 characterizes

the equilibrium solutions of the value functions, which can be represented with two series of

recursive functions.
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Proposition 5 If an equilibrium with N ratings exists, the value functions are represented

as:

V G(k) = cpXH+c(1�p)XL+(1�c)p(XH�XL)
r

� Y G(k); where Y G(k) follows the following recursive

rules:

1)for k = 1; 2; :::N � 1, N , m1 = 0; and mk+1 =
r+(1�c)p��mk

r+(1�c)p(1��)+(1�c)p�mk
;

2a)for agents with rating N , we have Y G(N) = (1�c)p(XH�XL)
(r+�)� �(1�c)p(1��)

r+(1�c)p(1��)+(1�c)p�mN�1

;

2b) for agents with rating k = N � 1, we have Y G(N�1) = (1�c)p(1��)Y G(N)
r+(1�c)p(1��)+(1�c)p�mN�1

;

2c)for agents with rating k = 1; 2; :::N � 2; we have Y G(k) = (1�c)p(1��)Y G(K+1)
r+(1�c)p(1��)+(1�c)p�mk

:

Proof. See Appendix.

In order for a steady state equilibrium to exist, the solutions need to satisfy all the

constraints, among which the incentive compaibility constrints are the most critial to the

prevention of strategic default. The following lemma simpli�es the analysis and enables us

to pin down the condition under which a steady state equilibrium exists.

Lemma 1 For k = 1; 2; :::N � 2; the incentive compatibility constraint of agents with rating

k subsumes that of agents with rating k + 1.

Proof. See Appendix.

Lemma 1 essentially says that the only incentive compatibility constrain that matters is

that of agents with the best rating. In other words, as an agent�s rating drops, the cost of

default increases at an accelerated speed. As a result, the incentive compatibility constraint

of agents with the best rating determines whether an equilibrium exists.

Proposition 6 In equilibrium, a rating system can only consist of a �nite maximum number,bN , of ratings, with bN determined by the incentive compatibility condition of agents with the

best rating. Moreover, bN is increasing in  and decreasing in �. If an equilibrium with bN
ratings exists, then there also exist equilibria with 2; 3; ::: bN � 1 ratings, but the equilibrium

with bN ratings is the most e¢ cient.
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Proof. See Appendix.

Proposition 6 again highlights the opposing e¤ect of credit exclusion on social welfare.

A more severe punishment of the defaulters with the bottom ratings is costly because their

high productivity will be ideled for a longer time; nevertheless, it raises the amount of soft

collateral of those agents with better ratings and thus allows for additional tiers of ratings,

which means that fewer defaulted borrowers need to be excluded from the capital market.

The trade-o¤ between the number of agents need to be excluded from the capital market

versus the average time-length of credit exclusion determines the optimal rating system.

5.3 The Optimal Rating System

Our analysis above shows that the allowed maximum number of ratings is increasing in

the severity of the punishment imposed on defaulted borrowers with the worst rating: the

probability of defaulted borrowers with the rating N � 1 to be excluded from borrowing,

; and the chance of those excluded agents to be absolved and allowed to borrow again, �.

Since credit exclusion precedes forgiveness and absolution, the parameter  plays a more

important role than �:

Proposition 7 In an equilibrium with credit ratings, social welfare only depends on the ratio

of  to �: Given the ratio =�, a greater value of  allows a weakly more e¢ cient equilibrium.

Proof. See Appendix.

Based on Proposition 7, we can set  equal to one and analyze the e¤ect of � on social

welfare. On the one hand, a lower � allows a greater number of ratings and fewer defaulted

borrowers need to be excluded from the capital market; on the other hand, a lower lower �

implies that it is more di¢ cult for agents who are shut out of the credit market to come back.

In the extreme case, when � goes to zero, almost every agent is prohibited from borrowing

and we essentially retrogress to autarky, which is the most ine¢ cient case. Therefore, there

must exist an interior solution to � that delivers the optimal social welfare.
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Proposition 8 There exists an interior �� 2 (0; 1) that determines the optimal number of

ratings and delivers the optimal social welfare.

Proof. See Appendix.

A lower � make it more di¢ cult for an excluded borrower to get a fresh start; on the other

hand, the more severe punishment enables the system to increase the number of ratings and

give an average borrower more chances to repair his credit rating before the worst rating

befalls him and shuts him out of borrowing. In other words, there is a trade-o¤ between how

often versus how long an agent is excluded from the capital market. Since credit exclusion

is the source of ine¢ ciency, the optimal value of � minimizes the social cost by minimizing

the steady state population of agents who are excluded from borrowing. Furthermore, the

optimal value of � determines the optimal tiers of credt ratings in the equilibrium.

6 Di¤erential Loan Rates

So far we have assumed that, if a borrower is not excluded from the credit market, then the

interest rate he pays is the same regardless of his rating. This feature is di¤erent from other

papers in the literature, such as Diamond (1989), Vercammen (1995), and Padilla and Pagano

(2000), that use interest rate di¤erentiation to incentivize borrowers. While these papers are

based on unobservable ex ante heterogenous borrow qualities, our paper is based on the

assumption that borrowers�are of the same quality; as a result, a borrower�s rating does not

convey any information about the repayment ability. This assumption allows us to zero in

on the disciplinary function of credit ratings. We will show that, in our framework, interest

rate di¤erentiation alone cannot achieve the same disciplinary e¤ect as credit exclusion does,

but the combination of rate di¤erentiation and credit exclusion can improve social welfare.

To prove that rate di¤erentiation alone does not work, we only need to consider the three-

tier rating system we solved in Section 5.1. When there is no credit exclusion, we can reduce

the system to a two-tier one. We assume that borrowers with di¤erent ratings are charged
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with di¤erent interest rates: RAl andR
B
l for agents with ratings A andB respectively. To save

space, we omit the value functions and list the modi�ed incentive compatibility conditions

as follows:

1). Depositors are willing to deposit their capital in banks:

Rd � XL;

2). Borrowers with ratings A and B are willing to repay bank loans:

RAl � RBl � V RA � V RB;

3). Banks break even:

�[�RARAl + (1� �RA)RBl ] � Rd;

where �RA and (1� �RA) are the fractions of borrowers with ratings A and B respectively,

because none of the agents is excluded from the market.

Same as before, we assume that competition drives the deposit rate and the loan rate to

the minimum level; that is, Rd = XL and �[�RARAl + (1� �RA)RBl ] = XL:

Proposition 9 Without credit exclusion, there does not exist a steady state equilibrium

where borrowers with di¤erent ratings are charged with di¤erent interest rates.

Proof. See Appendix.

The reason why interest rate di¤erentiation alone cannot support a steady state equi-

librium is that the value functions are endogenized. When the interest rates are the same

(RAl = R
B
l ), the expected lifetime values are also the same (V

RA = V RB). As we increase the

di¤erence between RAl and R
B
l , the di¤erence between V

RA and V RB also increases. How-

ever, the di¤erence between the two expected lifetime values does not increase as fast as the
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di¤erence between the two interest rates because future production shocks are independent

of ratings. As a result, interest rate di¤erentiation cannot satisfy the incentive compatibility

conditions. To make the rating system work, credit exclusion is indispensable. The partial

equilibrium dynamic contracting papers, such as Demarzo and Fishman (2007) and Biais et

al. (2007), also show that termination or liquidation is the necessary threat to address the

moral hazard problem.

Next we consider the combination of rate di¤erentiation and credit exclusion in the

case with three ratings. Based on Proposition 7, we set  equal to one and assume that

� is between zero and one. In other words, if an agent with rating B defaults, he will be

downgraded to rating C and excluded from borrowing next period; the exclusion is lifted with

probability � starting from the period after the next. With di¤erential rates, the incentive

compatibility constraint of agents with rating B needs to be modi�ed as:

RBl � V RA � V RC :

The following proposition compares the rating system with di¤erential loan rates and the

rating system with equal loan rates we characterized in Section 5.1.

Proposition 10 Let  = 1 and c�R ( �R) denote the maximum value of � such that a three-

tier rating system with di¤erential loan rates (equal loan rates) exists. We have c�R > �R;

that is, when c�R � � > �R, there exists a three-tier rating system with di¤erential loan rates

but not a three-tier rating system with equal loan rates. Consequently, the rating system with

di¤erential loan rates is more e¢ cient than that with equal loan rates.

Proof. See Appendix.

In the case with equal loan rates, the maximum value of � is obtained when the incentive

compatibility constraint of agents with rating A is binding. If we lower the loan rate for

agents with rating A by a small amount, we can relax their incentive compatibility constraint
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without violating the incentive compatibility constraint of agents with rating B. As a result,

we can allow agents with rating C to return to the credit market sooner. Since credit

exclusion is the only source of ine¢ ciency in the model, a greater chance of returning to the

credit market improves social welfare.

Now that we get the basic intuition from the case with three ratings, we proceed to

analyze the general case with N ratings. Speci�cally, in the general case we analyzed in

Section 5.2, we assume that agents with ratings 1; 2; :::::N � 1 need to pay loan rates R1l ,

R2l , ...R
N�1
l respectively. Agents with rating N will be excluded from borrowing for at least

one period. For ease of exposition, we again omit the value functions and list the modi�ed

incentive compatibility conditions as follows:

1). Depositors are willing to deposit their capital in banks:

Rd � XL;

2a). Borrowers with rating 1 are willing to repay bank loans:

R1l � V G(1) � V G(2);

2b). Borrowers with rating k (k = 2; 3; :::N � 1) are willing to repay bank loans:

Rkl � V G(k�1) � V G(k+1);

3). Banks break even:

�
PN�1

k=1 �
G(k)Rkl � Rd

PN�1
k=1 �

G(k);

4). A constant steady state population distribution:

�G(k�1)(1� c)p(1� �) = �G(k)(1� c)p� k = 1; 2; :::N � 1;
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�G(N�1)(1� c)p(1� �) = (1�
PN�1

k=1 �
G(k))�;

where �G(k)denotes the proportion of agents with rating k (k = 1; 2; :::N � 1).

Same as before, we assume that competition drives the deposit rate to the minimum level

and banks�pro�ts to zero; that is, Rd = XL and �
PN�1

k=1 �
G(k)Rkl = XL

PN�1
k=1 �

G(k):

Lemma 1 in Section 5 shows that, in a rating system with equal loan rates, only the

incentive compatibility constraint of agents with the best rating is binding. Intuitively, if

we lower the loan rate of these agents and increase the loan rates of all other agents who

do not have the best rating, we can e¤ectively relax the constraint for the agents with the

best rating without violating the constraints for all other agents. The following proposition

formally characterizes this intuition.

Proposition 11 For any given � 2 (0; 1), if there exists a rating system that consists of N

ratings with equal loan rates, there also exist rating systems that consist of at least N ratings

with di¤erential loan rates.

Proof. See Appendix.

The above proposition implies that rate di¤erentiation can help tighten agents�incentives.

In our model, agents with di¤erent ratings have the same production technology and thus

the same repayment ability, so rate di¤erentiation only serves as an incentive device, which

is a desirable supplement of credit exclusion because it increases the value of soft collateral,

and by doing so, it can increase the number of ratings and reduce the necessity to exclude

agents from borrowing. However, the critical trade-o¤ between the frequency and severity of

punishing defaulted agents with the lowest rating still exists and dictates the optimal rating

system, as shown by the next proposition.

Proposition 12 Even with rate di¤erentiation, the optimal rating system is coarse and the

number of rating is decreasing in �; as a result, there exists an interior �� 2 (0; 1) that

determines the optimal number of ratings and delivers the optimal social welfare.
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Proof. See Appendix.

The analysis above shows that credit exclusion is crucial in preventing strategic default.

Without credit exclusion, rate di¤erentiation alone cannot provide agents with incentives to

repay their loans. For agents with good ratings, banks can use higher loan rates associated

with downgrading to deter strategic defualt. But there is a limit becaue the highest loan

rate that banks can charge is capped by the high output. The cap implies that the agents

with the lowest ratings have to be punished with credit exclusion. With the threat of credit

exclusion, rate di¤erentiation can futher �ne-tune the incentive mechanism and reduce the

actual population that is shut out the credit market.

7 Conclusion

In this paper, we show that credit exclusion is a form of soft collateral that can be used to

alleviate a borrower�s incentive to default strategically. This soft collateral is very weak in a

dispersed individual loan market because search frictions decrease the probability of meeting

a lender and, in the meantime, increase the di¢ culty of sharing information about defaulted

borrowers. Banks arise to improve e¢ ciency in the sense that a centralized market facilitates

credit access, makes it easier to identify a defaulted borrower, and thus boosts the value of

the soft collateral. A credit rating system, especially one with di¤erential rates, can further

improve e¢ ciency because it strati�es the soft collateral and reduces the necesseity of credit

exclusion to agents with the lowest ratings, i.e., those with insu¢ cient soft collateral.

The results we produce are consistent with how credit ratings work in the real world.

There is a steady state distribution of credit ratings at any given time; agents�ratings migrate

over time; agents with poorer ratings pay higher interest rates, some agents are excluded

from the credit market; excluded borrowers are allowed to return to the credit market; and

credit ratings are coarse.
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Appendix

Proof of Proposition 1: Plugging V A1H ; V
A
1L; V

A
0H ; and V

A
0L into the expression for V

A;

we can easily get:

V A � cpV A1H + c(1� p)V A1L + (1� c)pV A0H + (1� c)(1� p)V A0L

=
1

1 + r
fcpXH + c(1� p)XL + V

Ag:

The solutions are:

V A =
cpXH + c(1� p)XL

r
;

V A0H = V A0L =
cpXH + c(1� p)XL

(1 + r)r
;

V A1L =
cpXH + c(1� p)XL

(1 + r)r
+
XL

1 + r
;

V A1H =
cpXH + (1� p)XL

(1 + r)r
+
XH

1 + r
:

Proof of Proposition 2: Plugging �R = XL; V
I
1H ; V

I
1L; V

I
0H ; and V

I
0L into the expression

for V I ; we have:

[r + c(1� c)p(1� p)(1� �)]V I = cpXH + c(1� p)XL + c(1� c)p(1� p)(XH �XL)

+c(1� c)p(1� p)(1� �)V I(e):

In combination with the equation for V I(e); we can get:

V I =
cpXH + c(1� p)XL

r
+
(r + �)[c(1� c)p(1� p)�](XH �XL)

r[r + � + c(1� c)p(1� p)(1� �)] ;

V I(e) =
cpXH + c(1� p)XL

r
+

�[c(1� c)p(1� p)�](XH �XL)

r[r + � + c(1� c)p(1� p)(1� �)] :
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The borrower�s incentive compatibility condition is:

XL=� � (V I � V I(e))

=
[c(1� c)p(1� p)�](XH �XL)
r+�

+ c(1� c)p(1� p)(1� �)

:

The incentive compatibility condition is satis�ed if r+�

is small enough; that is, given all

other variables, the existence of a private loan equilibrium requires a minimum (or maximum)

value of  (or �), denoted by I (or �I).

Social welfare in this case is equal to the weighted average of the expected lifetime

value: W I = �IV I + (1 � �I)V I(e): Plugging in the steady state population distribution:

�I = 1
1+c(1�c)p(1�p)(1��)=� ;we have:

W I =
cpXH + c(1� p)XL

r
+

c(1� c)p(1� p)(XH �XL)

r[1 + c(1� c)p(1� p)(1� �)=�] :

Proof of Proposition 3: We assume the loan rate is set at the minimum; that is,

Rd = XL and �Rl = XL: Similar to the proof of Proposition 2, we can get:

V B =
cpXH + c(1� p)XL

r
+
(r + �)(1� c)p�(XH �XL)

r[r + � + (1� c)p(1� �)]

V B(e) =
cpXH + c(1� p)XL

r + �
+

�(1� c)p�(XH �XL)

r[r + � + (1� c)p(1� �)] :

The borrower�s incentive compatibility condition can be simpli�ed as:

XL

�
� (1� c)p(XH �XL)

r+�

+ (1� c)p(1� �)

:

The incentive compatibility condition is satis�ed if r+�

is small enough. It is trivial to see

the required minimum value of r+�

is greater than that for the existence of a private loan

equilibrium, which implies relaxed cuto¤ values for  and �: I > B ; �I < �B.

Social welfare in the bank loan equilibrium is equal to the weighted average of the ex-
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pected lifetime value: WB = �BV B+(1��B)V B(e): Plugging in the steady state population

distribution: �B = 1
1+(1�c)p(1��)=� ;we have:

WB =
cpXH + c(1� p)XL

r
+

(1� c)p(XH �XL)

r[1 + (1� c)p(1� �)=�] :

It is trivial to see that a bank loan equilibrium dominates a private loan equilibrium.

Proof of Proposition 4: We can reduce the equilibrium to the following three equa-

tions:

[r + (1� c)p(1� �)]V RA = cpXH + c(1� p)XL + (1� c)p(XH �XL)

+(1� c)p(1� �)V RB;

[r + (1� c)p� + (1� c)p(1� �)]V RB = cpXH + c(1� p)XL + (1� c)p(XH �XL)

+(1� c)p�V RA + (1� c)p(1� �)V RC ;

[r + �]V RC = cpXH + c(1� p)XL + �V
RB:

The solutions are:

V RA =
cpXH + c(1� p)XL

r
+

(1� c)p(XH �XL)

rf1 + [r+(1�c)p(1��)](1�c)p(1��)
(r+�)[r+(1�c)p] g

+
(1� c)p(XH �XL)

(r+�)[r+(1�c)p]
(1�c)p(1��) f1 +

[r+(1�c)p(1��)](1�c)p(1��)
(r+�)[r+(1�c)p] g

;

V RB =
cpXH + c(1� p)XL

r
+

(1� c)p(XH �XL)

rf1 + [r+(1�c)p(1��)](1�c)p(1��)
(r+�)[r+(1�c)p] g

;

V RC =
cpXH + c(1� p)XL

r
+

�(1� c)p(XH �XL)

r(r + �)f1 + [r+(1�c)p(1��)](1�c)p(1��)
(r+�)[r+(1�c)p] g

:

Because V RC < V RB, the incentive compatibility constraint of agents with rating A implies

that of agents with rating B: Hence the existence of a steady state equilibrium requires:
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XL

�
� V RA � V RB

=
(1� c)p(XH �XL)

[r+(1�c)p](r+�)
(1�c)p(1��) + [r + (1� c)p(1� �)]

:

Since [r+(1�c)p]
(1�c)p(1��) > 1 and r > 0; the required value of

(r+�)


for the existence of a steady state

equilibrium is smaller than that for the existence of a bank loan equilibrium without credit

rating; that is, R > B ; �R < �B.

The steady state equilibrium population distribution is as follows:

�RA =
�

1 + (1� c)p(1� �)2=� ;

�RB =
1� �

1 + (1� c)p(1� �)2=� :

Social welfare is equal to:

WR = �RAV RA + �RBV RB + (1� �RA � �RB)V RC

=
cpXH + c(1� p)XL

r
+

(1� c)p(XH �XL)

r[1 + (1� c)p(1� �)2=�] :

Compared with social welfare in a bank loan equilibrium without credit rating (WB), it is

trivial to see that credit rating improves e¢ ciency so long as it exists in equilibrium.

Proof of Proposition 5: For k = 1; 2; :::N � 1; N;de�ning

Y G(k) =
cpXH + c(1� p)XL + (1� c)p(XH �XL)

r
� V G(k);

we can transform the equations of value functions into the following expressions: for k = 1,

[r + (1� c)p(1� �)]Y G(1) = (1� c)p(1� �)Y G(2);
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for k = 2; 3; :::N � 2;

[(r + (1� c)p� + (1� c)p(1� �)]Y G(k) = (1� c)p�Y G(k�1) + (1� c)p(1� �)Y G(k+1);

for k = N � 1;

[(r + (1� c)p� + (1� c)p(1� �)]Y G(N�1) = (1� c)p�Y G(N�2) + (1� c)p(1� �)Y G(N);

and for k = N;

(r + �)Y G(N) = �Y G(N�1) + (1� c)p(XH �XL):

We have

Y G(1) =
(1� c)p(1� �)Y G(2)
r + (1� c)p(1� �) and

Y G(k) =
(1� c)p(1� �)Y G(k+1)

r + (1� c)p(1� �) + (1� c)p�mk

;

which implies

1�mk+1 =
(1� c)p(1� �)

r + (1� c)p(1� �) + (1� c)p�mk

; or

mk+1 =
r + (1� c)p�mk

r + (1� c)p(1� �) + (1� c)p�mk

:

For agents with rating N � 1;we have

[(r + (1� c)p� + (1� c)p(1� �)]Y G(N�1) = (1� c)p�Y G(N�2) + (1� c)p(1� �)Y G(N);

or

[(r + (1� c)p� + (1� c)p(1� �)]Y G(N�1) =
(1� c)2p2�(1� �)Y G(N�1)

r + (1� c)p(1� �) + (1� c)p�mN�2
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+(1� c)p(1� �)Y G(N);

which gives us

Y G(N�1) =
(1� c)p(1� �)Y G(N)

r + (1� c)p(1� �) + (1� c)p�mN�1
:

Essentially we have a series of di¤erence equations, which can be solved using induction.

The solutions are:

1) for k = 1; 2; :::N � 1, N , m1 = 0; and mk+1 =
r+(1�c)p��mk

r+(1�c)p(1��)+(1�c)p�mk
;

2a)for agents with rating N , we have Y G(N) = (1�c)p(XH�XL)
(r+�)� �(1�c)p(1��)

r+(1�c)p(1��)+(1�c)p�mN�1

;

2b) for agents with rating k = N � 1, we have Y G(N�1) = (1�c)p(1��)Y G(N)
r+(1�c)p(1��)+(1�c)p�mN�1

;

2c)for agents with rating k = 1; 2; :::N � 2; we have Y G(k) = (1�c)p(1��)Y G(k+1)
r+(1�c)p(1��)+(1�c)p�mk

.

Proof of Lemma1: We can rewrite the incentive compatibility conditions as follows:

2a). for borrowers with rating 1:

Rl � Y G(2) � Y G(1);

2b). for borrowers with rating k (k = 2; 3; :::N � 2):

Rl � Y G(k+1) � Y G(k�1);

2c). for borrowers with rating N � 1:

Rl � Y G(N) + (1� )Y G(N�1) � Y G(N�2):

We �rst show that the incentive compatibility condition of borrowers with rating k + 1

subsumes that of borrowers with rating k for k = 2; 3:::N � 3:

[Y G(k+2) � Y G(k)]� [Y G(k+1) � Y G(k�1)]
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= [Y G(k+2) � Y G(k+1)]� [Y G(k) � Y G(k�1)]

=
[r + (1� c)p�mk+1]Y

G(k+2)

r + (1� c)p(1� �) + (1� c)p�mk+1

� [r + (1� c)p�mk�1]Y
G(k)

r + (1� c)p(1� �) + (1� c)p�mk�1

> 0;

the last step results from both Y G(k) and mk being positive and increasing in k.

It is trivial to see that the incentive compatibility condition of borrowers with rating 2

implies that of borrowers with rating 1:As for borrowers with rating N � 1;we can easily

show that the incentive compatibility condition implies that of borrowers with rating N � 2:

[Y G(N) + (1� )Y G(N�1) � Y G(N�2)]

> Y G(N�1) � Y G(N�2)

> Y G(N�1) � Y G(N�3):

Hence the only incentive compatibility condition that matters is that of borrowers with the

best rating, 1.

Proof of Proposition 6: Since the expected lifetime payo¤ of agents with the best rat-

ing, V G(1); is capped by cpXH+c(1�p)XL+(1�c)p(XH�XL)
r

, which is achieved is they would never

be excluded from borrowing, and the the expected lifetime payo¤ of agents excluded from

borrowing, V G(N); is �oored by cpXH+c(1�p)XL
r

; which is the autarky value, the di¤erence

between these two values is �nite and can only support a �nite number of incentive compat-

ibility conditions. Consequently, a rating system can only have a �nite maximum number of

ratings.

Following Lemma 1, the only incentive compatibility condition that matters is that of

agents with the best rating, which can be expressed as:

XL=� � Y G(2) � Y G(1) =
r

(1� c)p(1� �)Y
G(1):

40



In order to prove that the allowed maximum number, bN , of ratings, is increasing in  and
decreasing in �, we only need to show that Y G(1) is increasing in  and decreasing in �. As

Proposition 5 shows that, Y G(1) depends on the mk�s and Y G(N�1): Because mk�s do not

depend on  or �, it boils down to showing that Y G(N�1) is increasing in  and decreasing

in �, as shown below:

Y G(N�1) =
(1� c)p(1� �)Y G(N)

r + (1� c)p(1� �) + (1� c)p� �mN�1

=
(1� c)p(1� �)

r + (1� c)p(1� �) + (1� c)p� �mN�1

(1� c)p(XH �XL)

r + � � �(1�c)p(1��)
r+(1�c)p(1��)+(1�c)p��mN�1

=
(1� c)2p2(1� �)(XH �XL)

r+�

[r + (1� c)p� �mN�1] + r(1� c)p(1� �)

:

Next, we show that if an equilibrium with N ratings exists, then there also exists an

equilibrium with N � 1 ratings; hence, by induction, there exist equilibria with 2; 3; :::N � 1

ratings. Su¢ ce it to show that Y G(1) in a system with N ratings is smaller than Y G(1)

in a system with N � 1 ratings. Compared a system with N ratings, the value functions

in a system with N � 1 ratings depends on the exact same series of mk�s except that is

truncated at mN�2 because N � 2 is the rating next to the last rating, that is, N � 1:

Because mN�2 < mN�1; it is trivial to see that Y G(N�2) in a system with N ratings is

smaller than Y G(N�2) in a system with N � 1 ratings. As a result, Y G(1) in a system with N

ratings is also smaller than Y G(1) in a system with N � 1 ratings.

Finally, we examine social welfare, which depends on the steady state distribution of

agents with di¤erent ratings. Because we have �G(k) = �
1���

G(k�1); the fraction of agents

with rating N is:

1�
PN�1

k=1 �
G(k) = 1� �G(N�1)

1� ( �
1�� )

N�1

1� �
1��

:

Using the steady state equilibrium condition

�G(N�1)(1� c)p(1� �) = (1�
PN�1

k=1 �
G(k))�;
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we can get

�G(N�1) =
1

1�( �
1�� )

N�1

1� �
1��

+ (1� c)p(1� �)=�
:

So the fraction of agents with rating N is equal to

1�
PN�1

k=1 �
G(k) =

(1� c)p(1� �)=�
1�( �

1�� )
N�1

1� �
1��

+ (1� c)p(1� �)=�
:

Social welfare is the �rst best solution, cpXH+c(1�p)XL+(1�c)p(XH�XL)
r

(no agent is excluded

from borrowing), minus the loss due to agents with rating N being excluded:

WG =
cpXH + c(1� p)XL + (1� c)p(XH �XL)

r
� (1�

PN�1
k=1 �

G(k))(1� c)p(XH �XL)

r
:

Since 1 �
PN�1

k=1 �
G(k) is decreasing in N given the primitive parameters, the rating system

with the maximum number of ratings, bN , is the most e¢ cient.
Proof of Proposition 7: Proposition 6 shows that social welfare is only a¤ect by =�:

On the other hand, the incentive compatibility condition only depends on on Y G(1), which

can be obtained through Y G(N�1) and mk�s. Y G(N�1) is related to  and � through the term

r+�

; while mk�s are not a¤ected by either  or �. Hence if we maintain the value of =�

and increase , we can achieve the same social welfare and relax the incentive compatibility

constraint; in addition, if the increase in  allows us to add one more tier of rating, social

welfare can be improved.

Proof of Proposition 8: Proposition 6 shows that there is exits a �nite maximum

number of ratings, bN , and bN is decreasing in �. As � goes to zero, the number of ratings

converges to its maximum; however, social welfare retrogresses to the case of autarky because

almost every agent is excluded from borrowing. So an optimal rating system is not the one

that pushes the number of ratings to the maximum.
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Proof of Proposition 9: We can reduce the equilibrium to the following three equa-

tions:

[r + (1� c)p(1� �)]V RA = cpXH + c(1� p)XL + (1� c)p(XH � �RAl )

+(1� c)p(1� �)V RB;

[r + (1� c)p� + (1� c)p(1� �)]V RB = cpXH + c(1� p)XL + (1� c)p(XH � �RBl )

+(1� c)p�V RA;

which gives us:

(1� c)p(�RBl � �RAl ) = [r + (1� c)p](V RA � V RB):

It can be seen immediately that it contradicts the incentive compatibility condition RAl �

RBl � V RA � V RB:

Proof of Proposition 10: With di¤erential rates. We have:

�V RA = cpXH + c(1� p)XL + (1� c)p�(X �RAl ) + (1� c)p(1� �)(V RB � V RA)

�V RB = cpXH + c(1� p)XL + (1� c)p�(X �RBl ) + (1� c)p�(V RA � V RB)

+(1� c)p(1� �)(V RC � V RB)

[r + �]V RC = cpXH + c(1� p)XL + �V
RB:

If we impose the condition RAl = R
B
l =

XL
�
, we go back to the case with equal loan rates,

whose value functions we denote by (V
RA
, V

RB
, V

RC
). Solving the equations above, we get:

V RB � V RB = � (1� c)p�2(RBl �RAl )
r + (1� c)p+ [r+(1�c)p(1��)](1�c)p(1��)

(r+�)

V RC � V RC =
�

r + �
(V RB � V RB)
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= � �(1� c)p�2(RBl �RAl )
(r + �)[r + (1� c)p] + [r + (1� c)p(1� �)](1� c)p(1� �)

V RA � V RB =
(1� c)p�(RBl �RAl )

r + (1� c)p +
(1� c)p(1� �)[�V RB � cpXH + c(1� p)XL]

[r + (1� c)p](r + �)

= (V
RA � V RB) + (1� c)p�(R

B
l �RAl )

r + (1� c)p +
(1� c)p(1� �)r(V RB � V RB)

[r + (1� c)p](r + �)

= (V
RA � V RB) + [(r + �) + (1� c)p(1� �)2](1� c)p�(RBl �RAl )

(r + �)[r + (1� c)p] + [r + (1� c)p(1� �)](1� c)p(1� �)

V RA � V RA =
[(r + �) + (1� c)p(1� �)](1� c)p�(1� �)(RBl �RAl )

(r + �)[r + (1� c)p] + [r + (1� c)p(1� �)](1� c)p(1� �) :

Hence we have V RB < V
RB
, V RC < V

RC
, but V RA < V

RA
:

Incentive compatibility conditions require:

RAl � V RA � V RB

RBl � V RA � V RC :

And banks�zero pro�t condition requires:

�RARAl + �
RBRBl = (�

RA + �RB)
XL

�
; or �RAl + (1� �)RBl =

XL

�
:

Let RAl =
XL
�
� �; then RBl = XL

�
+ �

1���: The incentive compatibility conditions can be

rewritten as:

� �
XL
�
� (V RA � V RB)

[r+(1�c)p][(r+�)+(1�c)p(1��)]+(r+�)(1�c)p �
1��

(r+�)[r+(1�c)p]+[r+(1�c)p(1��)](1�c)p(1��)

� �
(V

RA � V RC)� XL
�

r[(r+�)+(1�c)p] �
1��

(r+�)[r+(1�c)p]+[r+(1�c)p(1��)](1�c)p(1��)

:

Since we require � � 0, the maximum value of � (�R) that allows a rating system with

equal loan rates is obtained when XL
�
= (V

RA � V RB): A system with di¤erential loan rates

allows � to be greater than �R, in which case we have XL
�
� (V RA � V RB) > 0. That is,
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�R can serve as a lower bound for the maximum value of � allowed in a rating system with

di¤erential loan rates. On the other hand, the value of � has an upper bound because it

is capped by the incentive compatibility constraint of agents with rating B, which makes

(V
RA�V RC)� XL

�
= 0: Therefore, in the bounded region, there must exist an interior value,c�R > �R, that satisfy both incentive compatible constraints. This maximum value is also

the most e¢ cient one because the social welfare is increasing in �:

Proof of Proposition 11: Suppose there exists a rating system with N ratings and

equal loan rates, whose solutions (Y G(k); V G(k)) are given by Proposition 5. With di¤erential

loan rates, for k = 1; 2; :::N � 1; N; we use bV G(k) to denote the value functions.
We �rst increase all agents�loan rate by a same amount "; which is in�nitesimally small.

Proposition 5 shows that all Y G(k)�s are proportional, which means that all Y G(k)�s will

increase by a same proportion, which we denote by �: We use � to denote changes in the

value functions, and we have

�[V G(1) � V G(2)]

= �[Y G(2) � Y G(1)]

= �[Y G(2) � Y G(1)]

> 0;

which means that the incentive compatibility constraint for agents with the best rating

(k = 1) has been relaxed.

Next we reduce the loan rate of agents with the best rating such that banks earn zero

pro�t; that is, R1l = Rl � b" and Rkl = Rl + " (k = 2; 3; :::N � 1) such that "
PN�1

k=2 �
G(k) �

�G(1)b" = 0: In this case, we have di¤erential rates, and we have
[r + (1� c)p](bV G(1) � bV G(2)) = (1� c)p�b"+ (1� c)p(1� �)[(bV G(2) � bV G(3)):
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Since (bV G(1) � bV G(2)) is increasing in b", the incentive compatibility constraint is further
relaxed compared to the case when all agents� loan rates have been increased by ". In

addition, when " is small, all other agents�incentive compatibility constrains will still hold.

As a result, we have constructed a rating system with N ratings and di¤erential loan rates.

Proof of Proposition 12: Suppose that the maximum number of ratings in N for a

given value of �: It is trivial to show that N is �nite. First, same as in the case with equal

loan rates, the value of agents with the best rating is capped and the value of agents with

the worst rating is �oored at the autarky level. Consequently, the incentive compatibility

conditions imply that the rating system only allows a �nite number of ratings with loan

rates greater than (Rl = XL
�
): Second, the zero pro�t condition for banks imply that there

can also be a �nite number of ratings with loan rates smaller than (Rl = XL
�
); otherwise the

average loan rate could only be less than Rl = XL
�
:

We next show that as � decreases, the maximum number of ratings increases. Suppose

the maximum number of ratings allowed for � is N(�) and the value functions are denoted

by bV G(k)� , k = 1; 2; 3; :::N(�): Now let � decrease to �0. We construct a rating system with

the loan rates being the same for agents with ratings k = 1; 2; 3; :::N(�) � 2; and the loan

rate for agents with rating N(�)� 1 is adjusted to bRN(�)�1l such that all agents with ratings

k = 1; 2; 3; :::N(�)� 1 have the same expected lifetime value as in the case: bV G(k)�0 = bV G(k)� .

In other words, we want to have

rbV G(N(�)�1)�0 = cpXH + c(1� p)XL + (1� c)p�(X � bRN(�)�1l )

+(1� c)p�(bV G(N(�)�2)�0 � bV G(N(�)�1)�0 ) + (1� c)p(1� �)(bV G(N(�))�0 � bV G(N(�)�1)�0 )

= rbV G(N(�)�1)� :

This requires that

bRN(�)�1l �RN(�)�1l =
1� �
�

(bV G(N(�))�0 � bV G(N(�)�1)� ):
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On the other hand, if rbV G(N(�)�1)�0 = rbV G(N(�)�1)� we have

(r + �0)bV G(N(�))�0 = cpXH + c(1� p)XL + �
0bV G(N(�)�1)�0

= cpXH + c(1� p)XL + �
0bV G(N(�)�1)�

= (r + �)bV G(N(�))� + (�0 � �)bV G(N(�)�1)�

< (r + �)bV G(N(�))� + (�0 � �)bV G(N(�))�

= (r + �0)bV G(N(�))� :

Therefore, we have

bRN(�)�1l < R
N(�)�1
l � (bV G(N(�)�2)� � bV G(N(�)� ) < (bV G(N(�)�2)�0 � bV G(N(�)�0 );

which means bRN(�)�1l is indeed incentive compatible. Thus we have shown that the maximum

number of ratings is weakly decreasing in �:

As � goes to zero, the number of ratings converges to its maximum; however, social

welfare retrogresses to the case of autarky because almost every agent is excluded from

borrowing. So an optimal rating system is not the one that pushes the number of ratings to

the maximum.
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